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We present a fresh perspective on belief polarization, based on two learning-theoretic models. In the first
model, two agents learn from training sets drawn from different distributions that slightly disagree on some
labels. In the second model, two agents learn from training sets sampled from the very same distribution, but
pay a cost for the complexity of the hypotheses they learn. We show that in both cases, even when the agents
are exposed to almost identical sources of information, they can learn hypotheses that disagree substantially.
However, in the latter model, we demonstrate that this phenomenon can be alleviated by introducing a slight
bias into the information selection process.

1 INTRODUCTION

In 1998, the Lancet, a respected medical journal, published a study linking the MMR vaccine to
autism. Although this study has since been thoroughly debunked and retracted, it is still a rallying
cry for the modern anti-vaccination movement. Nowadays periodic outbreaks of measles are often
associated with pockets of resistance to vaccination — like the recent one in Portland, Oregon,
in January 2019 [26]. Research shows that the opinions of Americans about vaccines are highly
polarized, but, interestingly, they are not divided along the usual political fault lines; rather, the
more political one is (in either direction), the more likely one is to think vaccines are unsafe [14].

The vaccine controversy is just one example of belief polarization, which, of course, is not a new
phenomenon. The prevalence of echo chambers is inevitable, since people mostly interact with
others who share their background as well as opinions (see [15]), and can even interpret information
to confirm what they already believe (e.g., [12]).! But this phenomenon has been exacerbated by
the advent of cable television, the Internet and social network platforms, which immerse users in
content that is tailored to their existing preferences and shared by like-minded people (e.g., see
[8]). In this reality, polarization is a natural outcome: when different people are exposed to very
different sources of information, they are bound to arrive at different conclusions.

However, we are interested in a more subtle — more insidious — type of polarization: that which
occurs when individuals are exposed to similar information, yet still end up having substantially
different opinions. Our research question is this: Under what conditions does polarization of this
type arise, and can it be prevented through mild interventions?

1.1 Our Models and Results

We address this question in a supervised learning-theoretic framework. Each agent is presented
with input points that describe circumstances. And each input point is associated with a label, which
represents the appropriate action or opinion. Through experience and observation of examples
(input points and their labels), the agent learns a hypothesis, which is a function from the input
space X (which includes previously unseen input points) to the set of labels Y.

To develop intuition, suppose first that two agents see training sets that consist of examples
drawn from the same distribution D over X XY, and that this distribution is realizable; i.e., there is a
hypothesis f* such that f*(x) = y for every example (x, y) in the support of D. In this classic setting
polarization will not arise: given enough examples, both agents will eventually learn hypotheses
that almost entirely agree with f*, and hence with each other.

1For more extensive experiments showing such a confirmatory bias, and a model of bounded rationality that explains
increasing polarization after exposure to identical information, see the work of Fryer et al. [5].
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We introduce and analyze two models that deviate from this basic setting in fundamentally
different ways. In our first model — the Subjective Mixture Model, presented in Section 3 — agents
see different, yet highly overlapping, labels; in this sense the agents each have their own ‘subjective’
views based on differing personal histories and perspectives.

To formalize this, suppose that two agents are associated with two realizable distributions D,
and D, over X X Y, which have the same marginal over X. Learning from these two different
distributions can naturally give rise to highly polarized hypotheses. Now suppose that, perhaps
with the aim of finding common ground, the two agents actually communicate and share their
sources of information, leading them both to observe biased mixtures of the two distributions.
Specifically, we assume agent 1 trains on examples drawn from (1/2 + €)D; + (1/2 — €)D,, while
agent 2 trains on examples from (1/2 — €)D; + (1/2 + €)D,, for a small € > 0. We show that, even
when mixing to almost even proportions, the two agents will still learn dramatically different
hypotheses. This result suggests that when labels are subjective, polarization is inevitable.

In our second model — the Objective Cost Model, presented in Section 4 — we go back to the
‘objective’ setting where agents completely agree on labels. The twist is that we introduce an explicit
cost for each function, which intuitively depends on its complexity. These cost functions are in part
motivated by a number of studies on the capacity of people for processing information [16, 19, 22].
For example, Miller’s Law [16] asserts that the average person only holds about 7 features in their
working memory, and a recent study of the interpretability of machine learning models found
evidence that the average person finds it as difficult to simulate hypotheses of 8 or more features as
to simulate an opaque ‘black box’ [19].

The Objective Cost Model gives rise to instances, and distributions D over X X Y, such that
having a non-trivial cost of complexity leads agents to learn hypotheses that result in substantial
disagreement, even as the number of observed examples goes to infinity. The basic structure of such
instances is that they have many dimensions or variables that actually matter, more or less equally,
and need to be accounted for to recover the common target hypothesis f : X — Y. Any cost that
results in simplifying the hypothesis that is used leads to a selection of some dimensions that are
paid attention to; slight differences in the training set lead to a different selections of variables.

We emphasize that instances that exhibit the foregoing structure are not artificial constructs, but
actually appear in practice. A striking example is the American Housing Survey dataset considered
by Mullainathan and Spiess [18, Figure 2]. It illustrates this phenomenon precisely in the context of
a LASSO selection of variables, which is shown to vary dramatically based on a random sampling
of the data.

Our main result in the Objective Cost Model is that any instance that leads to polarization can be
altered by slightly perturbing the underlying distribution, such that if agents observe large enough
training sets then with high probability their learned hypotheses will differ only slightly. This
suggests that adding some particular forms of bias in information selection can explain, or lead
to, consensus. As we discuss in Section 4.2, not any perturbation will do and the bias needs to be
introduced judiciously.

Together our results on the Subjective Mixture Model and the Objective Cost Model highlight
a big difference between subjective and objective reasons for polarization: differences due to
subjective opinions can be very difficult to overcome, while differences due to objective cost can be
corrected with slight, but particular, bias.

1.2 Related Work

Our approach to modeling beliefs and disagreement is most closely related to, but fundamentally
different from, that of the social learning literature [6, 7, 17, 24]. This line of work is built on a
paradigm by which there is some uncertainty about a state of the world that affects the payoffs to
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various potential decisions; it makes heavy use of Bayes’ rule, and boundedly-rational variations
thereof (e.g., [5, 29]).

As arepresentative example, consider the classic model of Smith and Serensen [24]. In this model,
the world has a discrete set of payoff-relevant states. Agents observe private signals about the state
of the world, and compute (via Bayes’ rule) their private beliefs. Moreover, each agent has a private
type. Finally, there is a utility function that depends on the agent’s type, the state of the world,
and the action taken by the agent. To decide how to act, agents again apply Bayes’ rule to their
own types, their private beliefs, and the history of actions taken by previous agents. Under some
parameter constellations, polarization can occur, in the sense that agents converge to multiple limit
beliefs.

The paper of Smith and Serensen [24], and the social learning literature more generally, differ
from our work in several ways. First, in the social learning literature ‘beliefs’ are about the state of
the world (it might have been more appropriately named the ‘social updating’ literature), whereas in
our work beliefs are manifested in richer models that people use to best describe the world around
them. The fact that having different beliefs corresponds to differences in models captures the fact
that people genuinely have individual ways of viewing the world and pay attention to various
issues, rather than simply disagreeing about a particular probability. Second, our Objective Cost
Model provides a natural way to quantify complexity and costs. More discriminating hypotheses
or models, which pay attention to more information or dimensions and make finer and more
discriminating predictions, are more complex and costly than ones that pay attention to less
information and/or make less discriminating predictions. This differs from the type of cost used in
the Bayesian framework, which more naturally relates to the information content of input signals
rather than of processing the information.” Third, arguably, our viewpoint of machine learning
theory is a closer fit with how companies and other organizations operate. They generally are not
doing Bayesian estimation, but instead use past data to develop methods of predicting outcomes —
often explicitly using machine learning techniques.

Much further afield, there is a rich literature on stochastic models of opinion dynamics, most
notably that masterpiece of creative nomenclature, the Voter Model [11, 21]. In this model, each
node in a graph has one of two colors (say red or blue). At each step a random node is selected,
and it adopts the color of one of its neighbors, also selected at random. Although the classic model
inevitably leads to consensus, variants thereof have been proposed to capture polarization [27].

2 PRELIMINARIES
Throughout this paper, we work with an input space X and set of labels ¥ = {-1, +1}.

2.1 Distributions and Distances

We consider distributions D over X X Y, and denote by D | X the marginal distribution of D on X.
For any two distributions # and P’ over a domain X, we denote their total variation distance by

TV(P,P’) = sup |P(X) - P'(X)|.
XcX

2 An exception is the rational inattention literature (e.g., [23]), but that still deals with how many signals are input, not with
the complexity of processing those signals. Closer to our motivation is the work of Rubinstein [20], who explicitly models
decision making and its costs, but in a different paradigm.
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For ease of exposition, we define the L; distance between these distributions by || — P’||; =
2TV (P, P’). Note that when X is a finite domain and when p, and p;, respectively denote distribu-
tions P and P’ on x € X, we have

1P =Pl =D lpx—pil =2 Y (x=pi)=2 D (k=ps)-
xeX XiPpx 2P X:px <Pk
For any two distributions D and D’ over X X Y, we say that D’ matches the conditional label
distributions of D if for all x € X}

Pr x]= Pr x].
WP lylxl= P fy ]

When D’ matches the conditional label distributions of D we use ||D — D’|| and ||D|X — D’ | X||
interchangeably.

2.2 Hypotheses and Error

We also consider a hypothesis class ¥ such that for all f € F, f : X — Y. For any hypothesis f,
the error of f on D is described by

errp(f) = Pr [f(x) %yl

We say that D is realizable if there exists f € ¥ such that errp(f) = 0. Furthermore, for a training
set of m labeled input points S = {(x’, y)};¢[m], we denote the empirical error by

'_1 ¢ i i
errs(f) -—;;H(f(x)iy)'

We are interested in the disagreement between different hypotheses. For any f, f' € ¥, we
denote the disagreement of f and f’ on distribution D by

Ap(f,f)= P "(x)].
o(f.f)= Pr [f(0)# /(0]
For any set of hypotheses H, we define the diameter of H, denoted by
di H) = Ap(f, )
iamyp(H) max, o(f. f")

as the largest disagreement between two hypotheses in this class. Note that the disagreement
between two hypotheses and the diameter of a hypothesis class do not depend on the labels of
distribution D. Therefore, with a slight abuse of notation, we use D in place of D |X in these
notations, or suppress the distribution in the notation for diameter and disagreement when it is
clear from context.

2.3 Sample Complexity

A number of learning-theoretic tools are available for linking the empirical and true error of a
hypothesis. An especially well-known measure of statistical complexity of a class of hypotheses is
called VC dimension. ¥ is said to have VC dimension VCD(¥) = d if the largest set of input points
X C X for which {(f(x))xex | f € F} = 2% has cardinality |X| = d. For any class of hypotheses
F,e>0,and § > 0, there is

mes € o(el—2 (VCD(?’)+In(%))) (1)

3This definition can be extended to hold for all x € X when X C X includes all but a measure zero (under D and D’)
subset of X.
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such that for any distribution © and with probability 1 — § over the choice of set S of at least m s
ii.d. samples, for all f € 7, we have |errp(f) — errs(f)| < e.

When D satisfies certain properties, one may be able to learn the optimal hypothesis using fewer
samples than presented in Equation (1). For example, when D is realizable,

m €0 (é (vcn(?) In (é) +1n (%))) @)

is sufficient so that with probability 1 — §, any hypothesis f with empirical error errg(f) = 0
satisfies errp(f) < e.

Even for distributions that are non-realizable, one can obtain faster learning rates if the Bayes
optimal classifier is in #. More formally, if fB2(x) := argmax, Pr[y|x] € # and for all x € X,
| Pr{ylx] - Pr[~ylx]| > £." then

mf eo ([% (VCD(?") In (é) +1n (%))) 3)

samples are sufficient so that with probability 1—§ the empirical error minimizer f € argming . ¢ errs f)
also satisfies

errp(f) — errp (f29) < e.

3 THE SUBJECTIVE MIXTURE MODEL
In our first model, the Subjective Mixture Model, we represent two world views through two
realizable distributions 9; and D; on X x Y, which are consistent with hypotheses f; and f,, that
is, errp, (f1) = errp,(f2) = 0. We consider two agents that, perhaps through communication, end
up observing examples from almost identical mixtures of these two distributions, and ask whether
they could learn substantially different hypotheses.

Specifically, let D, = (1-a)D; + aD, and D, = (1-a)D; + aDy, for @ < 1/2.1s it possible
that @ = 0.49999 and two agents learning from 51 and 52, which are almost identical, would reach
very different conclusions? The following theorem answers this question in the affirmative.

THEOREM 3.1. Let distributions Dy and D, on X X Y be two realizable distributions over ¥ with
the same marginal distribution. Let D1 = (1—a)D1+a Dy and Dy = (1—a) Dy + a Dy, fora < 1/2.

Then there is
1 1 1
meO (—(l ~ a)z € (VCD(?) In (E) +In (3)))

2

such that if sample sets Sy, S, :S'l, §2 of size at least m are sampled from Dy, Do, Z~)1, and 52,
respectively, then with probability at least 1 — §

Afie) = A fo) e

where f; € argminf€¢err5i(f) andj?lT € argminfeferrgi(f) forie {1,2}.

In particular, consider two agents who start with world views D; and D, that are consistent with
two hypotheses f; and f, with large disagreement Ap(f1, f2) (Where D is the marginal distribution
on inputs agreeing with the marginals D;|X = D,]X). Even if each agent attempts to see the
world from the other’s perspective, they would observe distributions Dy = (1-a)D; + aD; and

4This property is known as the Massart condition. The statistical and computational aspects of distributions satisfying it
have long been of interest [1-3, 13].
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D, = (1-a)D, + aDy, and still arrive at two hypotheses ]71 and ].”; that are almost as polarized as
before.

At a high level, the reason for this phenomenon is that hypotheses f; and f; remain the optimal
hypotheses for distributions D, and D,. This is due to the fact that for any (x,y) ~ D, (x,y)
appears with higher probability than (x, —y) in D;. So, the optimal classifier for D should label x
just as the perfect hypothesis would label it on D;. We formalize this below.

LEMMA 3.2. Let distributions D; and D, on X X Y be two realizable distributions with the same
marginal distribution. Then,

argmin errﬁl_(f) = {f €EF |errp,(f) = 0}, Vi e {1,2}.
feF

Proor. In short, for @ < 1/2, f; is the Bayes optimal classifier for D;. We provide a detailed proof
below, which shows that the disagreement of two hypotheses and their relative errors are closely
related on D;. Specifically, we will prove that for any classifier f, any f; such that err, (f;) = 0,
and for any < 1,

(1-20)A 5 (f. fi) < err s () — err g (f1) < Ag (. fo). ()

and similarly for D,. Note that Equation (4) proves the claim directly, as hypothesis f minimizes
err g, if and only if Ag, (f, fi) = 0, which implies that errp, (f) = errp,(f;) = 0.

The rightmost inequality in Equation (4) holds because for any (x,y) ~ D; such that f(x) # fi(x),
either f is incorrect, in which case I( f(x) # y)) — I(fi(x) # y)) = 1 or fj is incorrect, in which case

I(f(x) # y)) = I(fi(x) # y)) = =1. In both cases, I(f (x) # y)) = I(fi(x) # y)) < I(f(x) # fi(x)).
For the leftmost inequality, let A := {x | f(x) # fi(x)} be the region of disagreement between f
and f;. Note that

err 5. (f) - errﬁl(fl) = Pr[A] (errz~)1 |A(f) —errg |A(f1)) ,

since f1 and f incur the same error outside of A. On the other hand, exactly one of f and f; makes
a mistake on any (x,y) ~ D;|A. Therefore, err g |A(f) +erry |A(f1) = 1. So,

errg; (f) = ereis () = Pr{A] (1 - 2errgs ()

By the definition of ﬁl =(1-a)D; + aD,, we have

errj 4(fi) = (1 - @) errp |a(fi) + @ errp,ja(fi) < a,

where the last transition is due to the fact that f; is the perfect classifier for 9;. Using the fact that
Pr[A] = Aj (f, f1), we have (1 - 2a)A 5 (f, fi) < err g (f) —err g (f1). |

Proor oF THEOREM 3.1. First note that regardless of the choice of f;" € argmin gerrp,(f),
A(f], f5) is the same. This is simply because for any f;", f/ € argming g errp, (f) we have that
errp, (f;") = errp,(f) = 0. So, these two hypotheses agree on the label of every input point, except
for a measure zero subset of the domain, which does not affect error or disagreement. Therefore,
AfLL ) = A(f], f))- We let A == A(f]', f,") represent this fixed quantity. Note that by the sample
complexity of realizable learning given in Equation (2), with probability 1 — §/2,

A(fi, f) = errp, (fi) < Z and A (fa, fy) = errp,(f2) <

€
4
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where f; = argming g errs, (f). Hence,

A(fl,fz)e[A—g,A+§]. )

By Lemma 3.2, the sets of optimal hypotheses on D; and D; are the same. Therefore, regardless
of the choice of f;" € argmin, s errj (f), we have that

A=AfLf)- (6)
Note that, for i € {1, 2}, distribution 5,~ is such that the Bayes optimal hypothesis, which is equiva-

lent to ﬁ, belongs to 7. Using the sample complexity result of Equation (3) for such distributions,
we have that with probability 1 — §/2,

err s, (ﬁ) - errﬁi(ﬁ*) <

where ﬁ = argmin; g errg (f). Using Equation (4), it holds that
~ 1 ~ ~, €

AT < =5 (ermp, () - e (7)) < 5
5

By Equation (6), A(ﬁ,ﬁ) € [A - 5,A + §]. Using Equation (5), we conclude that A(E,E) >
A(fi, f2) — €. [ ]

The results above apply to situations in which the two agents see different labelings for the same
inputs. Even if the distributions they see are nearly the same, slight differences in the frequencies
of labels that they end up observing for the same inputs are enough to allow them to reach very
different conclusions in terms of the error-minimizing hypotheses that they adopt. It is in this
sense that even people who strive to communicate and find common ground with others can form
polarized opinions. This gives one possible explanation for polarization, predicated upon (even
tiny) differences in experiences. We next explore a different explanation.

@ for i € {1,2},

fori € {1, 2}.

4 THE OBJECTIVE COST MODEL

In this section, we turn our attention to the Objective Cost Model, where the common world view is
represented by a realizable distribution 9 that is consistent with some hypothesis f* € ¥ In this
case, any agent who observes a sufficiently large number of labeled samples from D, and adopts the
hypothesis that minimizes error on these samples, learns a belief that is in almost full agreement
with f*. Therefore, all error-minimizing agents will arrive at hypotheses that are almost in full
agreement with each other.

However, when the error-minimizing hypotheses are very complex, the learner may face difficulty
learning or interpreting them. Therefore, rather than considering error-minimizing agents, we
consider agents who attempt to find a hypothesis that strikes a balance between accuracy and
complexity. We first show that when there is a complexity associated with learning functions, it is
entirely possible that two agents receiving two i.i.d. training sets from 9 would learn hypotheses
fi and f; that are in large disagreement. We then discuss how this can be dealt with by changing
the original distribution D slightly to help the two agents arrive at hypotheses that are mostly in
agreement.

4.1 Setup and Initial Observations

Before we proceed, we require some new notation. We assume that ¥ is accompanied by a known
complexity function ¢(-), such that for any f € ¥, ¢(f) determines how complex hypothesis f
is. Some examples of such complexity measures include monotonic functions of the number of
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features in a boolean function, or the depth of a decision list. Additionally, for a distribution 9 and
a training set S, we denote the cost incurred by any hypothesis through its error and complexity as

costp(f) = errp(f) + ¢(f) and costs(f) = errs(f) + (f).

We start by demonstrating the phenomenon described above in the most extreme case, where
there are fi, f, € argmin; 4 costp(f) that have a large disagreement with each other.

ExampLE 4.1. Let X := R? and let ¥ be the class of homogeneous linear separators, i.e.,

F = {fw(x) = sign(w - X)}, g »

where sign(z) = +1 for z > 0 and —1 otherwise. Let the complexity function be ¢(fy) := A||wl||o for
A= ﬁ, i.e., the cost of complexity is A for each nonzero entry in w. Let D have weight ﬁ on each
of (e;, +1) and (—e;, —1) for all i € [d], where e; is the i’th unit vector. We show that

{W | w; € {0,1} forallie [d]} C argmin costp(fi)- (7)

weRd

Note that in this case, fy and f; (corresponding to the all-zeros and all-ones vectors) disagree on all
(—e;,—1) for i € [d], so, A(fo, fi) = 3.

Let us show, then, that Equation (7) holds. Note that for any w € R¢, rounding w; > 0 to 1 and
w; < 0 to —1 does not change its error or cost. Furthermore, for any i, if w; = 1 then fy labels both
(ej, +1) and (—e;, —1) correctly, if w; = 0 then fy labels (e;, +1) correctly and (—e;, —1) incorrectly,
and if w; = —1 then f;, labels both (e;, +1) and (—e;, —1) incorrectly. That is, for any i, setting
w; = 1 instead of w; = 0, decreases the error by exactly ﬁ and increases the complexity by i.
Therefore, for all w € {0, 1}d, costp(fw) = % which is the minimum cost of any f, € F.

We can easily leverage this example to demonstrate that there are situations where it is likely
that two agents would learn hypotheses that disagree substantially.

THEOREM 4.2. There is a distribution D over X X Y that is realizable for a hypothesis class F,
such that for any m and two sets of m i.i.d. samples, S and S, with probability at least %1, there are

fi € argming g costs, (f) fori € {1,2} such that Ap(fi, f2) > L

Note that using specific f; € argming.gcosts,(f) allows us to break ties in a way that is
convenient for us. This is purely for ease of exposition: we could formulate the theorem for any
cost-minimizing f;, using slightly messier probability calculations.

Proor oF THEOREM 4.2. We use the setting of Example 4.1. Note that if S; has more than a ﬁ
fraction of its samples on (—e;, —1), then there is a cost-minimizing f; that has w; = 1, and w; = 0
otherwise. Similarly, if S, has at least a ﬁ fraction of its samples on (—e;, —1), then there is a
cost-minimizing f; that has w; = 1, and w; = 0 otherwise. Using well-known properties of binomial
distributions [10], it follows that the probability that fi(—e;) # f2(—e;) is at least 1/2.

Let Z be the random variable whose value is the number of coordinates j € [d] such that fi(—e;) #
fo(—ej). It holds that Z < d, and E[Z] > d/2. Therefore, it must be the case that Pr[Z < d/3] < 3/4,
that is, Pr[Z > d/3] > 1/4. Hence, with probability at least 1/4, Ap(fi, f2) > 1/6. |

While the above example is artificially constructed to demonstrate how objective cost can give
rise to polarization, it is worth noting that high levels of disagreement between learned models
have also been observed in practice, as we noted in Section 1.1. A possible explanation for why
polarization occurs even under ‘natural’ distributions is that perturbing the polarizing distributions
by some unbiased noise does not alleviate the problem.’ That is, adding unbiased (but realizable)

5This point of view is consistent with that of Smoothed Analysis [25], which is built on the idea that ‘natural’ instances can
be described by worst-case instances that are then smoothed by nature using unbiased noise.
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noise to the above example, such as adding a uniform distribution over the domain that is labeled
by the optimal hypothesis, still leads to the same outcome. This is best observed by noting that
distribution D of Example 4.1 is uniform over its support, so noise that does not introduce bias
towards specific subsets of the support does not change the distribution at all. Our main result,
below, builds on this intuition.

4.2 Introducing Bias to Prevent Polarization

Next, we show that for any problematic distribution O as in Theorem 4.2, one can carefully design
D that is close to D in its marginal distribution and is still realizable with respect to %, such that
D does not suffer from the same problem. That is, it is always possible to prevent polarization (of

the type studied here) by introducing a slight bias into the information selection process. Formally,
we prove the following theorem.

THEOREM 4.3 (MAIN). Consider a hypothesis class F, a realizable distribution D over X X Y, an
a € [0,1], and a maximum level of disagreement y > 0. Then, there is a realizable distribution D,
such that |D - D||; < a, and there is

me O (y_4a_2 (VCD(T) +In (%))) ,

such that if two sets S; and S, of size at least m are sampled from D, then with probability at least
1 -8 any two cost-minimizing hypotheses f; € argmin g costs,(f) fori € {1,2}

(1) have at most y disagreement over D, i.e, Ap(fi, f2) < y, and

(2) have a cost that is optimal up to 3a on D, i.e.,

costz)(ﬁ) < argmin costp(f) + 3a.
feF

The rest of this subsection is devoted to the theorem’s proof. First, to assist with examining
disagreement between cost-minimizing hypotheses, we introduce some additional notation. For
any € and D, let

costp(f) < argmin costp(f”) + 6} )

freF

ﬁﬂ:{fe?

This definition is loosely related to the concept of Rashomon sets from statistics [4].

At a high level, if diam(F?) > A is large, then unless a large number of samples is used (of the
order of VCD(¥ )e™?), two learners with samples drawn from D can learn two hypotheses with
disagreement A. We will formalize this further later on. But presently let us show that if diam(%.2)

is large, then there is a distribution D close to D with a much smaller diam(F2). This implies that

learning over the distribution D aligns the learning process of two learners and leads to models
that have small disagreement.

LEMMA 4.4. Let D be a distribution over X X Y that is realizable with respect to F, i.e., there is
f* € F suchthaterrp(f*) = 0. Assume that for some € > 0, diamg, (F.) > 2R for someR € [0,0.5].

Then there is a distribution P with errp(f*) = 0, such that for any & > 0 and D = (1-a)D + aP,
diam ¢ (776@) < ;—;,

PROOF. Let f € argmax; .o errp(f) be a hypothesis with maximum error in F2. Let

P =Dl {x | F) = £}
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be distribution D conditioned on the set of input points where fis correct,and D = (1-a)D +aP.
We will show that for all f € 7,

~ 4e D
AD(f,f)>ﬁ=>f¢7‘2- ®)

Note that this directly implies the lemma, using the triangle inequality.
Before we prove this claim, let us prepare to analyze the change in cost caused by changing D

to D. Fix f € ¥F,and let
A= (costﬁ(f) - costﬁ(f)) - (cost@(f) - costg)(f))

_ ©)
= —a(errn () - errp(f) + errp(f)).
In addition, define
A= {red [ Fo = £ and f) = £ 0}
and N
C = {x € X | F(x) # f*(x) and f(x) = f*(x)} .
Then it holds that
errp(f) = errp(f) = PrxeCl- Prlxe4l, (10)
and [ ]
_ Pry.plxeA
exep(f) = 2 S22 (11)
Finally, it holds that
PrlxeAl+ PrlxeCl=Ap(f.f) (12)
and therefore, using Equation (10),
2+ Pr [x € C] = Ap(f. f) +errp(f) - errp(f). (13)
Using Equations (9), (10), and (11),
A:—a(Mxef]+ Pr[x € C] - Pr[x € 4]
1—errp(f) *PD x~D
<-a (xfjrz)[x eAl-(1+ err@(f)) + xgrz)[x eC|- xf:rz)[x € A])
= -« (xlzrz)[x eA]- errz)(f) + xgrz)[x € C]) (14)
=—q ( E%[x € A]- errz)(f) + An(f. )+ err;o(f) — err@(f)) , (15)

where the last transition follows from Equation (13).
We can now complete the proof by establishing Equation (8). Let f € ¥ such that Ap(f, f) > %.
First consider the case of f for which errp(f) < errp(f). Using Equation (15),

A< -ZAp(f. ) < -2e.

Since fe F2 and A < —2¢, we have that f ¢ Teﬁ.
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Next, consider the case of f for which errp(f) > errz)(f~). Therefore, we have that

P eAl> P eC].
x~rD[x ] x~§)[x ]

Plugging this into Equation (12), we have that
1 ~
P Al > =A .
Prlxedl> Ap(f.f)

Moreover, by the choice of f, err@(f) > R, otherwise diam(#?) < 2R. By Equation (14), we
conclude that _
AL —a- PrD[x € Al -errp(f) < —2e. (16)
X~

As before, it follows that f ¢ TeD . ]
We now return to the learning-theoretic guarantee we advertised earlier.

LEMMA 4.5. For any two distributions D and D’, assume that diam g (7"6@/) <y. Then there is

1 1
weo[ 2 fscoren (1))
€ )
such that for two sample sets S; and S, of size at least m from distribution D', with probability 1 — 6,
if fi € argming g costs, (f) fori € {1,2}, it holds that f, f> € FP and Ap(fi, o) < y.

Proor. It is sufficient to show that fi, f; € F2'. In turn, it suffices to show m is large enough
that for a sample set S of size m, the hypothesis fs that minimizes the empirical cost on S is in the
set 72" with probability 1 — §/2.

Since ¢(f) is fixed (independently of samples), the concentration of cost(f) only depends on
the concentration of the error. Using Equation (1), we have that with probability 1 — §/2, for
all f € F, |costgy(f) — costs(f)| < €/2. Therefore, for f* € argminfe(Fcostzy(f) and fs €
argming . costs(f), we have

costoy(fs) < costs(fs) + g < costs(f*) + g < cost@/(f*) +e€.
This proves that fs € 72" with probability 1 — §/2. By the union bound, with probability 1 — §,
fi. e L. |
We are now ready to prove the theorem.

PROOF OF THEOREM 4.3. Let € = ay?/16. If diamp (FL) < y, let D = D. By Lemma 4.5,
Ap(fi. f2) <y and fi, fo € F2, so costp(f;) is within € = ay?/16 < a of the optimal.

If diamy, (F2 ) >y, define D as in Lemma 4.4. Then, we have

8¢
ayf2
By Lemma 4.5, A@(ﬁ,ﬁ) <yand ﬁ,ﬁ € 7—;5, so fori € {1,2},

diamg (7';5) < Y-

costf)(ﬁ) < argmin cost 5(f) + €.
feF

Moreover, by definition of D, for any f € ¥ it holds that |cost@( f) —costz(f )\ < a. Therefore,

costf)(ﬁ-) - arjgrr;in costz(f) < € + 2a < 3a.
€
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We remark that the choice of ]7 € 7.2 with the highest error in Lemma 4.4 biases the agents’
learning process towards less complex but also less accurate models. It is not hard to see that we
could have biased the distribution towards any choice of f € F while getting a guarantee of
diamqp(F2) € O(m) (See Equation (16)).

One may ask, then, whether it is possible to introduce bias towards the error-zero hypothesis f*
when f* € 72 (even though the bound in the preceding paragraph is useless because err o ( f*) = 0).
The answer is, perhaps surprisingly, no. To see this, take for example a hypothesis class 7 := {fx |
X C X} such that fx(x) = 1if x € X and fx(x) = 0 otherwise. Consider the complexity function
d(fx) = % and distribution P that is uniform over (x, 1) for x € X. Any distribution D’ that is
not fully uniform on X promotes the hypothesis fx where x € X only if the distribution has at
least 1/d weight on (x, 1). On the other hand, the uniform distribution, which is D itself, yields
equal cost for all hypotheses. Therefore, no distribution can promote f* specifically.

4.3 Lower Bound

As we observed in Theorem 4.3, for any desired maximum level of disagreement between two
agents, y, and any desired level of intervention «, every distribution O can be changed to a nearby
distribution D’ at distance «, such that learners who receive a large enough number of samples
from D’ have disagreement of less than y. Theorem 4.3 shows that the number of samples needed
for this to work is at most O (y~*a #VCD(¥)). We next provide a lower bound that shows that
the number of samples needed for the agents to avoid polarization indeed has to increase with
é and 1. That is, we succeed at having smaller disagreement between agents and making only
small change to the distribution only if agents form their hypotheses after having acquired a large
number of observations.

THEOREM 4.6. Let m(a, y,d, &) be as follows: For any distribution D on domain X and any hypoth-
esis class F C Y X with VC dimension d, and any cost function ¢ over F, there exists D’ such that
ID-D’|ly € a,D and D’ have the same conditional label distributions, and foranym > m(a,y, d, d),
with probability 1 - 6, Ap(fi,dz) <y, where f; € argmin g costs,(f) and S; and S, are two i.i.d.
sample sets of sizem from D’. Then foranya < %,y < % andd > 1]y, we have that

m(a,y,d,i) e (izln(l))
4 Y

We remark that there is a gap in terms of the dependence on parameter % between the upper
bound (Theorem 4.3) and the lower bound (Theorem 4.6). This is perhaps good news. After all,
we may be able to avoid polarization with a significantly smaller number of samples than that
prescribed by Theorem 4.3. In Appendix A, we discuss in more detail the source of this gap between
the upper and lower bound, and present a possible path forward towards an improved upper bound.

Turning to the proof of Theorem 4.6, we require the Chernoff-type anti-concentration bound
stated below [30].

LEMMA 4.7 (ANTI-CONCENTRATION). Let X1, ..., Xy, be ii.d Bernoulli random variables such that
p(X; = 1) = p. Then, fora < 1/2 and p < 1/2 such that a’*pm > 3, we have that

Pr in > mp(1+a)| > exp (—9a’mp),
L i=1 ]

and

Pr in <mp(1-a)| = exp (—9a*mp) .
Li=1 |
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PrOOF OF THEOREM 4.6. Assume for contradiction that m < ‘;;;1 In(1/y) for a constant ¢ that we
will set later. We construct a ‘hard’ example. Specifically, we work with a general domain X of
size d. We also consider a hypothesis class  := {fx | X € X} such that fx(x) = 1if x € X and
fx(x) = 0 otherwise. Note that VCD(¥) = d. We use the complexity function ¢(fx) = %, that is,
the complexity of each classifier is the fraction of the domain points it labels 1.

To complete the construction, let D be the uniform distribution on the set of labeled instances
{(x, +1)}xex. Note that this distribution is realizable using function fx € 7.

Any distribution O’ whose conditional label distributions match that of 9 on domain X can
be represented by point masses p, for all x € X. Furthermore, for any such D’ that also satisfies
1D - D’|l; < a, X can be divided to two sets

Xt = {xeX|px>1/d}

and
X ={xeX|px <1/d}

Z (Px - %) = Z (% _px) < % (17)
xeX* xeX~

Assume without loss of generality that |[X*| > d/2; the case of |X~| > d/2 follows similarly. Finally,
let

such that

At = {xeX+

1 2a
DPx — 3 < v } .

Consider a sample set S ~ (D’)™ and let p, represent the mass that its empirical distribution
assigns to labeled instance (x, +1). For x € A", define a random variable R,, such that R, = 1 if
Px < 7.

CLAiMm 4.8.

E
SN(Z)’)m

> %

xeA*

> 8dy.

Proor ofF Craim. We first show that for any x € A*, with probability at least 32y we have p, < %.
To see why this is the case, we use Lemma 4.7. That is, for x € A*, we have that p, < é(l + 2a), S0

Pr

Px < % > Pr[pr < px(1 - 2a)] > exp (-36a’pym) > exp (—36c In (l)) > 32y,
Y

where constant ¢ is chosen to satisfy the last transition.

Now it suffices to show that |A*| > %. To see why this is true, note that, by Equation (17) and
|X*| = d/2, the average of p, — % over elements of X7 is at most a/d. Therefore, at least half
of these elements, i.e., |[A"| > d/4 elements overall, must have p, — % < 27"‘. This establishes the
claim. |

CLAIM 4.9.

1
> -
2

Z Ry = 4dy

xX€eA*

Pr
S"'(Z)')m
Proor oF CraiM. Note that the p, variables are not independent. However, it is well known that
they are negatively associated [9].° Moreover, the R, variables are all monotonically decreasing

%At a high level, sum of negatively associated variables enjoy similar or stronger concentration properties compared to the
sum of independent Bernoulli variable.
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functions of the p, variables.” It is known that such random variables are themselves negatively
associated [9, 28], that is, the R, variables are also negatively associated. Using the Chernoff bound
for negatively associated random variables we have that

ZRxS4yd]$Pr D Re

xeA* xeA*

1
Pr Ry < -E
2S

1
< exp(—12dy) < 2
x€A*

where in the penultimate transition we use Claim 4.8, and in the last transition we use the fact that
d> % [ |

Next, condition on the the events of Claim 4.9, i.e., fix the set of samples S that were drawn from
P’ and assume that ), 4+ Ry > 4dy. Furthermore, fix the set
I5:={xeA" | R, =1}.

Consider a set of fresh samples S’ ~ (D’)™ and let p’. denote the new empirical distribution. Let
Q. =1ifp, > L.

Cramm 4.10. Conditioned on the events of Claim 4.9, we have

ZQ;>dylZ%.

xels

Pr
S~(Dym

Proor oF CraiM. Note that since . is a binomial variable with mean at least é, we have that
Prs[Qr] = % for any number of samples m [10].% Therefore, given Ts, we have

2,

x€ls

1
E > —|Ts| > 2yd.
E 2 SIlsl > 2y

Using the fact that Q. are negatively associated variables, we have

1
Pr -,
2

Z Q, < ydl < exp (—6yd) <

xels

where the last transition is by the fact that 6dy > 1. Therefore, with constant probability over the
choice of §’, we have that 3, r, Q; > dy. |

Now consider the empirical cost-minimizers

fx, € argmin costs(fx),
fxeF

and

fx, € argmin costs/(fx),
fxeF
Notice that for any x with R, = 1, we have that x ¢ X; and for any x with Q}, = 1, we have that
x € X;. Using Claims 4.9 and 4.10, with probability at least 1/4 there are more than yd such x for
which R, =1 and Q}, = 1, so we have that Ap(fx,, fx,) > v at probability at least 1/4. |

’Similarly, for the case of X, the corresponding variables would all be monotonically increasing.

8Here we are assuming for ease of exposition that m is not divisible by d, so p’, > % o ph > %



Nika Haghtalab, Matthew O. Jackson, and Ariel D. Procaccia 15

5 DISCUSSION

Our results show that polarization that arises from differences in subjective opinion is unlike
polarization that arises from difficulty in processing objective information. Indeed, the Subjective
Mixture Model is pessimistic in that polarization seems inevitable. By contrast, in the Objective
Cost Model, our main result (Theorem 4.3) is positive: even though polarization arises, we can
always introduce a slight bias into the information selection process (i.e., perturb the distribution)
in a way that leads to consensus. While our model is admittedly a stylized abstraction of reality, the
conceptual message remains appealing: in some situations, very mild interventions can be effective
in preventing polarization.

The main shortcoming of Theorem 4.3, especially in terms of making this message more practical,
is that the intervention needs to be tailored to the instance. It requires intimate knowledge of
the hypothesis class, the cost function, and, for that matter, the composition of the set 7—'5. An
important open question, therefore, is whether it is possible to design this intervention through a
simple and tractable algorithm that does not explicitly construct F.2.

Let us end on a somewhat grandiose note. In recent years, economists have started to embrace
machine learning. We view the interaction between the two fields as one of the greatest opportunities
in the economics and computation area more broadly. In particular, we hope that our work will set
the stage for a re-evaluation of social learning models (see Section 1.2) through the lens of machine
learning.
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A  MIND THE GAP

As shown in Theorem 4.6, the number of samples necessary to avoid polarization is at least
Q(a % In(y"1)VCD(F)). This bound increases very slowly with the parameter y that bounds the total
amount of disagreement between two agents. By contrast, our upper bound of O (y "*a >VCD(¥F))
in Theorem 4.3 shows a much higher dependence on i. While we do not know which of these
bounds is closer to ‘reality; it is important to note that the analysis of the lower bound on sample
complexity is tight for the ‘hard’ example constructed in Theorem 4.6. So it is interesting to better
understand where and how our upper bound analysis can be improved.

Looking back at the proof of Theorem 4.3, it consists of (1) the construction of D with small
dlam(TD ) (in Lemma 4.4), and (2) sample complexity analysis of learning over hypotheses in 7"@
(in Lemma 4.5). We argue that the gap in the sample complexity of the ‘hard’ example is attributed
to the latter part of the analysis.

To establish this, we show that Lemma 4.4 is tight for the construction of ¥ and D in Theorem 4.6.
That is, for any D that is within distance a of D and has the same conditional label distributions
as D, we have that diamg)(?'f) ) > %e Indeed, note that for any D with densities px for x € X, we
have that

o

Dotfe| D (Px‘%)"' > (é—px)Se : (18)

xeXT\X xeX~NX
where, recall, we define
Yi={xeX|px21/d}
and

X ={xeX|px <1/d}.
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Note that by the definition of the L; distance between two distributions we have that

Y (pe-3)= 3 (370 - 51D -2h <

xeX+t xeX~

Therefore, using Markov’s inequality, there are sets K* € X™ and K~ C X~ of size 2¢|X*|/a and
2¢|X~|/a, respectively, such that

S pe-g)ze wma X (5on)<e

xeK* xeK~
By definition of Teﬁ in Equation (18), fx+\ g+ and fx+uk- both belong to 7—'65 . Therefore,
. 2 [K™| + |K*| _ 2¢
dlamD (7'-61)) > AfD (fX*\K*"fX*UK’) = T > ;

As we see above, the gap between the upper and lower bound can be attributed to the sample
complexity analysis of Lemma 4.5. Indeed, the analysis of Lemma 4.5 uses uniform convergence
over the set of all hypotheses 7, i.e., lerrp(f) — errs(f)| < € for all f € F. It is not hard to see

that milder convergence properties are sufficient in this case. For example, if 72

/2 is non-empty,

then it is sufficient that there exist f € 2 such that
€
errs(f) < errp(f) + 3

as long as for all f € F \ Tf),
€
errs(f) > errp(f) — 3

Additionally, it may be possible that Teﬁ and 7\ ?'65 have structural properties, yet unexplored,
that yield better statistical learning properties. We leave the study of such properties and stronger
upper (or possibly lower) bounds to future work.
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