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The masks for Loop’s triangle subdivision surface algorithm are
modified resulting in surfaces with bounded curvature and the con-
vex hull property. New edge masks are generated by a cubic polyno-
mial mask equation whose Chebyshev coefficients are closely related
to the eigenvalues of the corresponding subdivision matrix. The
mask equation is found to satisfy a set of smoothness constraints on
these eigenvalues. We observe that controlling the root structure of
the mask equation is important for deriving subdivision masks with
non-negative weights.
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1 Introduction

Subdivision surfaces have become a popular geometric modeling primitive for
representing smooth free-form shapes. Subdivision surfaces easily represent ar-
bitrary topology surfaces and possess a simple, recursive, geometric construction
algorithmic. This algorithm takes as input an initial control mesh and subdi-
vides the faces and edges to form a new control mesh with more faces, edges,
and vertices than the original while leaving the topology unchanged. By ap-
plying this procedure recursively, a smooth limit surface is obtained that is
topologically equivalent to the original control mesh. This process is illustrated
in Figure 1.
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Figure 1: Initial control mesh (far left) and three iterations of Loop’s subdivision
surface algorithm.

While the original subdivision algorithms have proved a valuable tool for
modeling arbitrary topology shapes, the surfaces generated by the original for-
mulations may have unbounded curvatures. This defect can be removed by
manipulating the spectrum of the subdivision operator. However, the impor-
tant convex hull property may be lost. The contribution of this paper is a new
technique for generating subdivision masks that obey well understood bounded
curvature constraints without introducing negative weights. This technique can
be summarized as follows: we replace the discrete cosine transform, that con-
nects mask weights to eigenvalues, with Chebyshev polynomials to derive a
cubic polynomial that we call a mask equation. We find this equation subject to
tangent plane continuity and bounded curvature constraints, and we impose a
special root structure that ensures non-negativity in the range of interest. The
coefficients of the mask equation have a simple form, and the mask weights are
found by evaluating this cubic polynomial. The result is an easy to implement
algorithm that requires no deep understanding of subdivision matrix structure.
We believe this approach may have value in general if negative weights are to
be avoided in subdivision masks.

This paper is organized as follows. In Section 2, results relating to the
smoothness of subdivision surfaces are discussed. In Section 3 we review Loop’s



algorithm, and in Section 4 we outline our modifications to this algorithm. In
Section 5 we review well understood subdivision matrix structure and develop
a parameterized subdivision matrix. In Section 6, constraints on this param-
eterization sufficient for tangent plane continuity and bounded curvature are
reviewed. In Section 7 we present a cubic polynomial mask equation that satis-
fies these constraints. Finally, Sections 8 and 9 present results and conclusions.

2 Background

The first subdivision surfaces were developed independently by Doo&Sabin [3]
and Catmull&Clark [2]. These methods generalize the subdivision rules of bi-
quadratic and bicubic tensor product B-Spline surfaces respectively. Loop|8]
derived a triangle based subdivision surface by generalizing the subdivision rules
for quartic box splines. These surfaces inherit the smoothness properties of their
underlying polynomial splines at all but a finite number of extraordinary ver-
tices. A control mesh vertex is extraordinary if it has irregular valence, otherwise
it is ordinary. Ordinary vertices have valence 4 for rectangle based surfaces, or 6
for triangle based surfaces. The smoothness properties of a subdivision surface
at points corresponding to extraordinary vertices are derived from the spectral
properties of the subdivision operator[l, 4, §].

Extraordinary vertices are isolated by expanding layers of spline rings as
the subdivision level increases. Each spline ring is a collection of polynomial
patches that parameterize the surface surrounding an extraordinary vertex. In
studying the smoothness of subdivision surfaces at an extraordinary vertex, only
a single generic spline ring of valence n need be considered. The subdivision
operator takes one spline ring onto the next and is linear. A matrix A that
encodes this operator is known as a subdivision matriz. Since subdivision is
affine invariant, A will have a single dominant eigenvalue 1 with corresponding
eigenvector [1,1,...,1]7. For symmetric subdivision schemes, e.g. the methods
of Doo&Sabin,Catmull&Clark, and Loop, A will also have a pair of subdominant
eigenvalues .

Reif[12] derived necessary and sufficient conditions for tangent plane (G')
continuity by showing that the characteristic map defined by the pair of sub-
dominant eigenvectors must be regular and injective. The characteristic map
takes individual patch domains into a common xy-plane whose origin corre-
sponds to the extraordinary vertex. Higher order smoothness properties are
studied in terms of Taylor expansions over this plane. Necessary conditions for
G* continuity, for certain classes of subdivision surfaces, have been given by
Prautzsch&Reif[9]. For curvature (G?) continuity, in addition to G* continuity,
the following must also hold:

e A has a subsubdominant eigenvalue p, where |u| = A\2.
o If Av = pw, then the surface defined by v € span(x?, xy, y?).

Prautzsch&Reif use a degree argument to show that no modification to the Cat-
mull&Clark or Loop schemes can be used to construct G2 continuous surfaces



with non-zero curvature at points corresponding to extraordinary vertices.

Despite the apparent failure to realize true curvature continuity, several
authors[4, 8, 13] have noted the importance of the ratio A\?/|u| in controlling
the divergence of the curvature at extraordinary vertices:

1. If A?/|u| < 1, then the curvature is unbounded
2. If A2/|u| = 1, then the curvature is bounded

3. If A2/|pu| > 1, then the curvature is zero

Sabin[15] was the first to propose a bounded curvature subdivision sur-
face algorithm; deriving a modified version of the Catmull&Clark algorithm.
Prautzsch&Umlauf[10, 11] create modified versions of the Catmull&Clark and
Loop algorithms with zero curvature at points corresponding to extraordinary
vertices. Although these schemes are technically G?, introducing such flat spots
on the surface is certainly undesirable. Moreover, their modifications lead to
negative weights in the subdivision masks, violating the convex hull property.
Holt[7] devised a bounded curvature subdivision algorithm based on Loop’s algo-
rithm by finding an appropriate bounded curvature spectrum. Holt’s approach
does not increase the support of the edge mask, and does not have the convex
hull property for all valence. Zorin[17] has proposed a bounded curvature trian-

gle subdivision scheme with non-negative weights by imposing a spectrum of the
form A\, = (%) * . This increases the support of edge masks, but the subdominant
eigenvalue \ is fixed at 1 for all valence (see Remark 1).

In this paper, we take advantage of property (2) to develop a modified ver-
sion of Loop’s algorithm that has bounded curvature and non-negative weights.
We choose the subdominant eigenvalue A so that the characteristic maps are
consistent with Loop’s algorithm; though this is not a requirement. Indeed, let-
ting A vary may be beneficial when constructing fair shapes. More importantly,
we provide a general technique for deriving subdivision masks with non-negative

weights.

3 Loop’s algorithm

Loop’s algorithm subdivides a triangulated control mesh by quadrisecting each
face as shown in Figure 2. New vertices of the subdivided mesh are found as
affine combinations of the vertices of the original control mesh. The weights
associated with these combinations are called masks. The new vertices fall into
two classes; those corresponding to vertices of the original control mesh, and
those corresponding to edges of the original control mesh. The associated masks
are referred to as vertex masks and edge masks respectively. Figure 3 depicts
the two types of masks used in Loop’s algorithm.

A vertex mask assigns weight to an original mesh vertex, and the set of
direct edge sharing neighbor vertices; the so-called 1-ring. The weights used in
the vertex mask are

a=(E+%tcosZ)P+3 and B=21(1-0),



Figure 2: Quadrisection of a single triangular face.

where n is the valence of the vertex. The edge mask assigns weight to the
vertices of the two triangles that share the edge, and do not depend on vertex
valence.

[0/ O8)

B

Figure 3: Vertex mask and edge mask used in Loop’s algorithm.

Loop’s algorithm is a generalization of binary subdivision of C? trilaterally
symmetric quartic box splines[14]. If the initial control mesh is a regular trian-
gulation (all vertices are valence 6), then the limit surface of Loop’s algorithm
is a quartic box spline with continuous curvatures.

4 A Modified Triangle Subdivision Algorithm

We propose a modified version of Loop’s algorithm where the edge masks have
larger support. The proposed edge mask is depicted in Figure 4. The mask



weights 1 — X\g, %0, .- ,Yn—1 will form a partition of unity, so A\g = >_ ;. This
is identical to the approach taken in [11, 17], however our method of deriving
the weights ~; is entirely different.

Figure 4: Modified edge mask for the new algorithm.

We point out that such a modified edge mask will be asymmetric with re-
spect to the two incident vertices. That is, the position of a new mesh vertex
associated with an edge will differ depending on which of the two incident ver-
tices is used to determine the new edge mask. This ambiguity is handled by
examining the valence of the two incident vertices:

e If both vertices are ordinary, use the original edge mask.

o [f one vertex is extraordinary, use the edge mask associated with that ver-
tex.

o [f both vertices are extraordinary, use both masks and average the result.

Note that the last case above will only occur during the first level of subdi-
vision, since all extraordinary vertices are surrounded by ordinary vertices after
one iteration. This means that only edges that are incident on an extraordinary
vertex will use a modified edge mask. A modified edge mask is determined by
the valence n of the incident extraordinary vertex; rotated versions of a sin-
gle edge mask are used to compute all the new edge points adjacent to the
extraordinary vertex.

5 Subdivision Matrix Parameterization

The subdivision matrix, used to analyze the smoothness properties of a subdivi-
sion surface at an extraordinary vertex, transforms a spline ring at subdivision



level 7 to a spline ring at level ¢ + 1. In the case of Loop’s algorithm, the spline
ring coefficients correspond to three rings of control mesh vertices surrounding
an extraordinary vertex, a so-called 3-ring. In fact, all of the large eigenvalues
of a subdivision matrix (those of interest here) can be shown to come from the
1-ring. For this reason, modifications of the type to be considered here need only
consider the 1-ring subdivision matrix and its eigen structure. The eigen decom-
position of subdivision matrices is well understood[4]. We review the procedure
here in order to define a particular subdivision matrix parameterization.
Let n be the valence of a generic extraordinary vertex and let a, Ag, A1, ... , Ap—1

be a set of scalar values. We define the matrix

o |[1—-a 0 -+ 0

I=X| X 0 -+ 0

Q- 0 o X 0 -
0 0 ... 0 A

The 1-ring subdivision matrix S is related to Q by the following
S =FQF !,

where

are block diagonal matrices whose lower blocks are the n x n discrete fourier
transform matrix and corresponding inverse defined

~ 2mijk —27ijk

A1 1 .
Fjr=er, F=qe ", jke0...,n—1

The eigen structure of S is the decomposition
S=VAV!

where A is a diagonal matrix of eigenvalues; V and its inverse V! are square
matrices whose rows (resp. columns) are right (resp. left) eigenvectors of S.
These matrices are related to our parameterization as follows:

A=G'QG, V=FG, and V!=G'F

where



are block diagonal matrices whose upper 2 x 2 blocks are defined

-«

T : N
B ia 1o _ 1 0
G‘ — |: 1 01 :| and G’ T 2—a—Xo )‘0 — 1 1 - )\0 ’

and whose lower block I,,_; is the (n — 1) x (n — 1) identity matrix. The eigen
decomposition of S is thus written

1— X
S=FGAG 'F ! =FQF ! = _ X , (1)
: S
1—Xo
and
1 0 0 0
0 a+xg—1 0 0
A=G'F'SFG=G'QG=| 0 0 A 0 2)
0
0 0 )\n—l
where
S = Fdiag(\)F~! = circ(y), (3)
and
)\:[)\07"'7)\7171]7 ry:[f}/o?"'?rynfl]'
The parameters Ao,...,A,—1 are the eigenvalues of S, the lower right n x n
block of S in Equation (1). Note that S is a circulant matrix constructed from
the edge mask weights g, ... ,v,_1. The parameter « is the central weight of

the corresponding vertex mask; this value will differ (in general) from the value
used in Loop’s algorithm.

6 Parameterization Constraints

The parameterization of S we consider characterizes a large space of possible
subdivision matrices. We reduce the size of this space by imposing constraints
on the parameters a, Ag,... , Ap_1.

6.1 Symmetry

We consider only symmetric subdivision schemes, so S will be a circulant matrix
consisting of real values v, if A is symmetric. That is, the elements of A\ are
matched pairwise:

A =Ano1s A2 =Apog, o, Az = Az



When n is even, Az is not matched. Note that if A is not symmetric, v may not
be real. Assuming symmetry, Equation (3) can be rewritten

S =circ(y) where y=AC and C;; = L cos 2”% (4)

That is, v and A are related by the n x n discrete cosine transform matrix C.

6.2 Convergence

We guarantee that the subdivision process will converge to a well defined surface
by requiring that all the eigenvalues of S be less than or equal to 1 in absolute
value. From Equation (2) the eigenvalues of S are

1,0é+>\o — 1,)\1,)\2,.. . ,)\nfl.
The constraints for convergence are therefore

1>la+X—1, and 1>|N\], i=1,...,n—1. (5)

6.3 Continuous tangent plane

The subdivision surface will converge to a common tangent plane at each ex-
traordinary vertex, if there exist a pair of subdominant eigenvalues such that
the characteristic map defined by the corresponding eigenvectors is regular and
injective. The characteristic map for subdivision schemes have been exten-
sively studied[5, 16]. We leverage these results by constraining the subdom-
inant eigenvalue pair Ay and \,_; to be consistent with Loop’s algorithm.
Prautzsch& Umlauf take the same approach and prove equivalence of the char-
acteristic map[11]. The constraints for tangent plane continuity are therefore

M=A1=2+7cos2E  and A\ >[N\[, i=2,...,n—2 (6)

Remark 1 Selecting A1 so the characteristic maps are consistent with Loop’s
algorithm is not required. Studying the qualitative effect of various choices for A\
is beyond the scope of this paper, though this effect can be significant. We have
no compelling reason to deviate from the generally accepted value provided by
Loop’s algorithm. We point out however, that the flexibility to do so is available.

6.4 Bounded curvature

The subdivision surface will have bounded curvature if
)\2:)\,1,2:0(4—)\0—1:)\%, and )\2>|)\i|7 t1=3,...,n—3, (7)

where n > 5 (we handled cases where n < 6 separately). This will endow S with
a subsubdominant eigenvalue of geometric and algebraic multiplicity 3. While
this multiplicity of the subsubdominant eigenvalue is a stronger condition than
required for bounded curvature, it is a necessary condition for non-degenerate
curvature continuity (i.e., where the osculating paraboloid can span all quadrat-
ics). Note that Equations (6) and (7) imply (5); that is, tangent plane continuity
and bounded curvature imply convergence.



6.5 Non-negative weights

We insist that S be non-negative. This will guarantee that the limit surface
is within the convex hull of the control mesh. From Equations (1) and (4), it
follows that S will be non-negative if and only if

v =[XC]; >0, i=0,...,n—1; 0<a<1l; and Ao <1. (8)

In the next section, we present our approach to satisfying the tangent plane,
bounded curvature, and non-negative weight constraints simultaneously.

7 A Mask Equation

We want the product v = AC, subject to constraints on A, so that  is non-
negative. Our approach is to convert the mask weights from a discrete set to a
continuous function that is evaluated n times to recover 7.

Expanding Equation (8), we write

=1 E 4 COS 2””
n
=0
which we convert to the continuous function
— 1
== E j cos(j60)
=0

since v; = (2%),i =0,... ,n — 1. We make the substitution # = arccosu and
define

My (u) = ) xiTi(u) (9)

o

where T} (u) is the i'" Chebyshev polynomial; by definition, T (cos §) = cos(k@).
The Chebyshev coefficients x; and parameters \; are related by

Ao ifi=0,
;=149 Az ifi= % and n is even, (10)
2
2 )\; otherwise.

Example 2 Consider the regular case n = 6. Decomposition of the regular
subdivision matriz leads to

—f5 11111
)‘_{8’2’4’8’4’2 :

From this
Mg(u) = 5 [§To(u) + Ta(u) + 3To(u) + 5T5(u)]
%—l—%u—i— (2u? —1)+%(4u3—3u)
= H+u)(5+uw)?



We verify this result by evaluating Mg(cos %), 1=0,...,5 to get the edge mask
values {%, %,0,0,0, %}

7.1 The General Form

We would like a general mask equation for arbitrary n > 6. We propose

M, (u) = a (1 +u) (u+b)” (11)

This cubic polynomial has a single root at © = —1, and a double root at u = —b.
The root structure of M, (u) is the key to avoiding negative mask weights, since
a >0 and b > —1 in Equation (11) implies that M, (u) is non-negative in the
interval —1 <wu <1 (i.e., the range of cos#9).

We proceed to solve for a and b subject to the constraints. Mask Equa-
tion (11) is expressed in terms of the Chebyshev basis as follows

a(§+b(1+b))
a(3+b(2+0)
a(3+b)

M, (u) = [1,u,2u® — 1, 4u® — 3u] (12)

The tangent plane and bounded curvature constraints (Equations (6), (7)), are
related to the Chebyshev coefficients (Equation (10)) by

1 = %)\1 and o = %)\f
This gives us to two equations in two unknowns

2N = a(3+4b(2+0D)),

242 1

These are solved with the aid of the quadratic formula leading to the unique
solution

223
S FRD Wk (13)
1 3
b = — — = 14
N o (14)

where \; = % + %cos %’T is the imposed subdominant eigenvalue of the subdi-

vision matrix. Equations (13) and (14) are substituted into (11), which is then
evaluated at u = cos %,i =0,...,n — 1 to obtain the mask weights.

It remains to determine the central weights of the modified masks. By
construction, we know that A\g = >_ +;. However, we also have a relation (Equa-

tions (10) and (12)) between A¢ and the Chebyshev coefficient z, that is

0= X =a(5+b(1+0D)).

10



This implies

N — A (4+)\1 (5/\1*8))
0 2(1— ) '

(15)

The central weight for the edge mask is 1 — Ao, and we see from Equation (7)
that the central weight for the vertex mask is found by

Example 3 Consider the case n = 8. Substituting A\y = 3%@ into Equa-
tions (13) and (14) we get
283 + 1902 27 — 162
a=———+-——— and b= ————.
5888 14
Next, we use these values and evaluate Equation (11) at u = cos %i,i =0,...,7

to get the weights
~ = {0.32273792, 0.16623202, 0.00914020, 0.00427714, 0.0, ... }.
We use (15) and (16) to determine that Ag = 0.68203664,and o = 0.62242088.

By construction, all constraints have been satisfied; though we have yet to
show that A2 > |\, ¢ = 3,... ,n — 3 (see Equation (7)). From Equations (10)
and (12) we see that

z3 = 2X3 = ja, (17)

~n 1

and \;, =0,i=4,...,n—4 (for n > 6). To verify that Ay > |A3|, we combine
(13) and (17) to get

A

A= Ty

Since Ay = A2, it follows that A > A3 so long as 0 < \; < %. This is clearly the
case for our particular choice A\ = % + icos 2%, since in the limit as n — oo,
A1 — %. Note that ¢ — 0 and b — % as n — oo; this indicates that a is positive
for all valence and the mask equation is well defined.

7.2 Casesn<6

We now consider mask equations for the cases where n = 3,4, and 5. These
require special treatment since appropriate mask equations will differ from the
general form. When n < 6, A3 does not exist, so the mask equation does not
have a cubic term. Similarly, when n = 3 there is no quadratic term. In the
cases n = 3 and n = 4, the multiplicity of the subsubdominant eigenvalue is
reduced, altering the systems to be solved. However, replacing the discrete
cosine transform with Chebyshev polynomials still works and mask equations
satisfying the constraints can be found. These are summarized in Table 7.2.

11
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Note that the case n = 3 coincides with Loop’s algorithm.

7.3 Exact Evaluation

In practice, it is sometimes useful to compute points on the surface exactly.
This can be done using a 1-ring mask derived from the 1%¢ right eigenvector (see
Section 5). Such a mask will have a central weight

the remaining n weights will be %(1 — 7). A surface normal can be found by
taking a cross product of the pair of vectors found by masks derived from the
274 and 37 right eigenvectors[6]

8 Results

The surfaces generated by the proposed algorithm demonstrate a visibly smoother
appearance compared to surfaces obtained by Loop’s subdivision surface algo-
rithm. Figure 5 shows a comparison of the old and new algorithms for various
control meshes. The differences are subtle when vertex valence is low. By shad-
ing surfaces with Gauss curvature mapped to color, the difference become more
apparent. The plots in Figure 5 use red for positive curvature, green for zero
curvature, and blue for negative curvature. The scale and range of curvatures
have not been given as these plots are intended for side-by-side comparison,
with identical color mappings for shapes with the same control mesh.

In Figure 5a we see a slight change in the curvature plots near the extraor-
dinary vertices. The control mesh in Figure 5b is an icosahdron; we see a more
uniform distribution of curvature using the new algorithm and the resulting
shape more sphere-like. The result of to the new algorithm becomes more ob-
vious as vertex valence increases. Figures 5c and 5d show a cone-like shape
with a vertex of valance 13, and a saddle-like shape with a vertex of valance 18,
respectively. Notice the behavior, as subdivision level increases, of the 1-rings of
the extraordinary vertices. For the new algorithm, the 1-ring is clearly getting
smoother faster. This property is due to the increase in the support of the edge
mask.

9 Conclusions

We have presented a modified version of Loop’s triangle subdivision surface
algorithm with bounded curvature and the convex hull property. This new

12



algorithm uses edge masks with larger support, whose weights are generated by
a cubic polynomial mask equation. A close relationship between the Chebyshev
coefficients of this mask equation and the eigenvalues of the corresponding 1-
ring subdivision matrix was established. Using this relationship, constraints on
the eigenvalues sufficient for tangent plane continuity and bounded curvature
are satisfied. We guarantee non-negativity of the mask equation by a simple
root structure that does not allow zero crossings in the interval —1 < u < 1.

The convex hull property is important and desirable for surfaces in Com-
puter Aided Geometric Design. We have demonstrated a relationship between
subdivision masks and their associated spectrum involving a connection between
the discrete cosine transform and Chebyshev polynomials. We use a continu-
ous polynomial function called a mask equation to represent the transformation
from the frequency to the spatial domain. Controlling the root structure of such
a polynomial mask equation may be useful in general for deriving subdivision
masks that are guaranteed not to have negative weights.
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