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Abstract ing these to deduce so-called association rules) has since
gained wide applicability [7] in many different applicatio
Frequent itemsets mining is a popular framework for pat- domains, ranging from biology [3] to remote sensing [4].
tern discovery. In this framework, given a database of cus-  This paper presents a formal connection between fre-
tomer transactions, the task is to unearth all patterns in quent itemsets mining and learning of generative models
the form of sets of items appearing in a sizable number offor the data in the form of simple probability mass functions
transactions. We present a class of models called Itemsefpver the space of transactions. We define a class of models
Generating Models (or IGMs) that can be used to formally called Itemset Generating Models (or IGMs). Each IGM
connect the process of frequent itemsets discovery with theyenerates transactions by embedding a specific itemset (or
learning of generative models. IGMs are specified using pattern) in a transaction according to a probability distsi
simple probability mass functions (over the space of trans- tion that is peaked at the pattern in question, and is uniform
actions), peaked at specific sets of items and uniform everyeyerywhere else. In this manner, each itemset is associated
where else. Under such a connection, it is possible to rig- with a specific IGM. We then prove that given any two item-
orously associate higher frequency patterns with geneeati  sets, the IGM associated with the more frequent itemset is
models that have greater data likelihoods. This enables athe one more likely to generate the database of transactions
generative model-learning interpretation of frequentiite  This rigorous connection between itemsets and IGMs has
sets mining. More importantly, it facilitates a statistica interesting consequences. First, it allows for a generativ
significance test which prescribes the minimum frequencymodel-learning interpretation of the frequent itemsets-mi
needed for a pattern to be considered interesting. We illus-ing process. Second, it facilitates a formal statisticgt si
trate the effectiveness of our analysis through experisent nificance test, which prescribes, the minimum frequency
on standard benchmark data sets. needed in order to regard an itemset as significant for a
given error probability. This is useful because frequency
threshold is a user-defined parameter that can be very hard
1 Introduction to fix in typical applications. Simulation experiments show
that our theoretically motivated frequency thresholdsedre
Frequent itemsets mining [l] isa popu|ar framework for fective in discovering patterns embedded in the data.
pattern discovery. Consider a collection of transactions i In general, connecting pattern discovery frameworks
a grocery store. Each transaction comprises items boughtvith generative model-learning is a useful idea. There is a
during one visit by a customer to the store. The problem is growing need for unified frameworks in data mining [11]
to discover popular buying patterns (in the form of groups that can simultaneously exploit efficient counting proce-
of items frequently bought together in a transaction). The dures in pattern discovery (that typically have a combina-
patterns are referred to as itemsets and the task is to effitorial flavor) with the rigorous statistical basis of gerize
ciently discover all frequent itemsets in the data. Althoug model-learning. Motivated by such considerations, in §9],
originally proposed as a technique for market basket analy-formal connection was established between pattern discov-
sis [1], the idea of discovering frequent itemsets (and us- ery and model-learning in the contexttemporaldata min-



ing. The ideas presented in this paper have a similar flavor,3 Itemset generating models
applied to the frequent itemsets framework in (unordered)

transaction databases. We now present our ltemset Generating Model (or IGM)
The rest of the paper is organized as follows. Sec. 2 and establish the connection between learning these models

provides a brief introduction to frequent itemsets discgve  and discovering frequent itemsets.

Sec. 3 defines Itemsets Generating Models and presents the

main results of the paper. The generative model-learning3.1 Data likelihood under IGMs
interpretation is discussed in Sec. 4. Sec. 5 describes the

statistical significance test for itemsets. Simulationesxp Let.A be an alphabet (i.e. a universal set of items) of size
iments are described in Sec. 6 and Sec. 7 presents concluy; et o — (Ay,...,Ay) be anN-itemset. The tuple,
sions. T = (t1,...,tp|), represents a transaction ovér

An Itemset Generating Model (or IGM) is specified as a
tuple, A = («a, 0), where,a C A, is an N-itemset, referred
to as the “pattern” of IGMA, andd € [0,1], is referred
to as the “pattern probability” of IGMA. The class of all

We first present some background on frequent itemsetsiIGMs, obtained by considering all possikleitemsets over
mining. LetD = {Ti,...,Tx} be a database of (un- the alphabet,4, and by considering all possible pattern
ordered) customer transactions at a store. Earisaction probability valuesf € [0, 1], is denoted by.
sayT;, is a collection of items purchased by a customer in ~ The probability model according to which an IGM,=
one visit to the store. A non-empty set of items is called an («, #), generates a transactioR, is as follows: We refer
itemset An itemset is denoted as = (Aj, A, ..., AN), to (the power set®®, as thepattern spacgeand to2% as
where each; is an item (or symbol) from some finite al- the noise spacga denotes the complement of i.e., A \
phabet, sayd. Sincea hasN items, it is referred to as  a). The space of all possible transaction21§ which is
an N-itemset. Trivially, each transaction in the database the Cartesian produ¢2® x 2%). The IGM generates two
is an itemset. However, an arbitrary itemset may or may itemsets, denote@(«) € 2* andT'(a) € 2%, independent
not be contained in a given transactidn, Thefrequency  of each other, and according to the following probability

2 Frequent itemsets framework

of an itemset is the number of transactionslrthat con- mass functions:
tain it. An itemset whose frequency exceeds a user-defined p
threshold is referred to as a frequent itemset. These freque T(a) = @ P " 1)
itemsets are the patterns of interest in the problem. o Ca  wp <2N__1)
The brute force method of determining frequencies for T@ = o'Ca wp (2M17N) )

all possible itemsets (of siz&, for variousN) is a com-

binatorially explosive exercise and is not feasible inéarg Then, the full transactiori]’, is generated a& = T'(a) U
databases (which is typically the case in data mining). The7'(a). We can think ofl'(«) andT'(&) as the corresponding
Apriori algorithm [1, 2] exploits the following simple but  projections ofI’ on the pattern space and noise spac#.of
useful principle (known as the anti-monotonicity pringépl  Eq. (1) is a probability mass function ovef (or pattern

if a and3 are itemsets such thatis a subset ofy, then the space), that is peaked &{a) = «a (so long ag) > (%)N)
frequency ofg is greater than or equal to the frequency of and is uniform everywhere else, and Eq. (2) is a uniform
a. Thus, for an itemset to be frequent all its subsets must beprobability distribution ove® (or noise space). Moreover,
frequent as well. This gives an efficient level-wise search 7(«) andT'(a) are independent of each other, and so, for
for the frequent itemsets i®. The algorithm makes mul- ¢ ¢ (0, 1), the probability of’ = T'(a) U T(a), underA,
tiple passes over the data. Starting with 1-itemsets, everycan be written as:

pass discovers frequent itemsets of the next bigger siee. Fr

quent 1-itemsets obtained in the first pass are combined to P[T |A] = P[T(«)|A] x P[T(@) | A]
generate candidate 2-itemsets, and then, by counting their 1—24(T)
f i i d he data) f 2 _ g (120 L \a
requencies (using a second pass over the data) frequent 2- = N 1 I 3

itemsets are found, and so on. Note that this kind of breadth-

first search of [1] is not the only algorithm available for where, z, (-) indicates set containment;, (T) = 1, if a C
frequent itemsets mining. Over the years, many other aI—T' andza‘(T) — 0, otherwise. '

gorithms have been proposed for frequent itemsets mining

(e.g., see [8] for a comparison of several approaches). TheExample 1. A = {A,B,...,Z} is an alphabet of size
analysis we present is independent of the algorithm used forM = 26. a = (A4, B,C) is a 3-itemset oved. An IGM
frequent itemsets mining. A = (a,0), partitionsA into {A, B, C'} and A\{A, B, C}.



A generatesT(a) C {A4,B,C} according to Eq. (1)
(which is peaked af’(o) = (A4,B,C) if 0 € (35,1))
and generated’(@) according to Eqg. (2) (which is uni-
form over2A\AB.CH f 9 < (0,1), the probability for

T =T(a) UT (@), underA, is given by Eq. (3).

There is a minor technical difficulty in the use of Eq. (3)
for the two extreme cases 6f= 0 andd = 1. Therefore, in
order to complete the description of the probability model

prescribed in Egs. (1)—(2), we need to specify the expres-

sions forP[T' | A] for these cases. Fér= 0, we have

3.2 Class of IGMs with a fixed ¢

We now restrict our attention to IGMs with a fixed pat-
tern probabilityd € (0,1). Later, in Sec. 3.3, we consider
the full class of IGMs with all possible values for the patter
probability parameter.

Definition 1. The subclas$,, is defined as the collection of
IGMs (out ofZ) with a fixed pattern probability parameter
0 € (0,1).

L i Definition 2. Consider anN-itemseta = (A, ..., An)
P[T|A] = { ((2N;1)2MfN> ' za(T) =0 4) (o € 24). The IGM associated with itemsetis given by
0 if 2o(T) =1 Ao = (o, 0) € Ty.
Similarly, for the case = 1, we have Under this association between itemsets and IGMs, we
PIT|A] = 0 if zo(T) =0 ®) show that more frequent itemsets are associated with IGMs
T (gw) ifz(T)=1 having greater data likelihoods.
These extreme cases are of little interest from the point of Thegrem 1. LetD = {T\....,Tx} be adatabase of trans-

view of understanding the model, because they correspondyctions over alphabetd. Leta and 3 be two N-itemsets

to two distinct (trivial) situationsT’(«) = « in all transac-
tions that the model generates, &dv) # « in all transac-

that occur inD, with frequenciesf, and fz respectively.
Consider the clas¥, of IGMs withf > (%N), and letA,,

tions that the model generates. To simplify our discussion, and A ; be the corresponding IGMs (frofy) that are as-

we first focus on the interesting casef< 6§ < 1, and
return to the extreme cases later.

sociated withoe and 5 according to Definition 2. Then we
have,P[D | A,] > P[D | Ag]ifand only if fo, > f5.

An IGM can generate a database of transactions by draw-

ingiid samples according to Eq. (3). Intuitivelyfiis large,
the IGM would generate data with appearing in many

Proof. The likelihoods for the dat&l, underA, andAg,
can be written using Eq. (6) as follows:

transactions. This makes IGMs a reasonable class of mod-

els to use for connections with frequent itemset mining. We

formalize these ideas in the subsections to follow.
Consider a databas®, = {71, ...,Tx}, of K transac-

tions. EacH; is a collection of items oved. Using Eq. (3),

the expression for likelihood oD, under A (o, 0),

6 € (0,1), is as follows:

P[D | A] HP[THA]
1-0 1

; - K—fao K(M~—N)
Gl [ ——— _
=) ()

where, f, = Zfil 2« (T;) s thefrequencyof «v in D.

(6)

Example 2. Consider a databaseD, of K = 5 trans-
actions over the same alphabet as flixample 1 1)

T (AaB7CaX7Y)’ 2) T, = (A7E7F7G)! 3)

5 = (C,U,V,Z), )T, = (H,I,J) and 5)T5 =

(A,B,C,D,E). LetA = («,0),0 € (0,1), be the IGM de-
fined inExample 1 The itemsetr = (A, B,C) hasN =3

and appears in 2 out of 5 transactions. 3@,= 2 and the
likelihood of D underA (using Eq. (6)) is as follows:

19 \52 /1) 5(26-3)
) )

23 -1

P[DA]:92<

1_g \E-fa 71\ EM-N)
_  pfa 4
1_9 \KTo 1\ KM=N)
P[D|Ag] = 6% -

Therefore, we have:

oN _1
1-6

PD]Ad]

@)

P[D [ Ag]

)

Given 0 > (5x), and sinceN > 1, this implies

{9 infglﬂ > 1. From Eq. (7), we hav g\lﬁ;} > 1
if and only if f, > fs. 0

It follows from Theorem lhat, if « is the most frequent
N-itemset inD, then for any othefV-itemset,s, the data
likelihoods underA,, and Az must obey: P[D | A,] >
P[D | Ag]. This gives us the next theorem.

Theorem 2. Given a databas® of transactions over an al-
phabetA, the maximum likelihood estimate over the class
of IGMs with# > (5k), given byZy, is the IGM corre-
sponding to the most frequeM-itemset inD (with corre-
spondence as prescribed Dgfinition 2).



In other words, wherd > (%), frequencies ofN-
itemsets inD are “sufficient statistics” for maximum likeli-
hood estimation over IGMs iffy. ForZy with § < (5% ),
Theorems 1 & 2do not hold. Wher? < (2%,), data like-
lihood decreaseswith increasing frequency of the corre-
spondingN-itemset. This is because,ff, > fz in Eq. (7),

6 < (5) will imply ﬂg‘lﬁﬂ < 1. In particular, setting
fs =0, we get

10 \% /1\KM-N)
< | — = .
o= (324" ()

The above upper bound is maximumfat 0.

Remark 1. Given a databaseD, of K transactions over
alphabetA (of sizeM) and an IGMA = (a, 0), with « of
sizeN andf < (5% ), we have

PID| A < (wll)K (;)K(M_N). (®)

Further, for large values aolV, this upper bound approaches
(ﬁ)K, which is simply the probability @ when the trans-
actions are drawn iid according to a uniform distribution
over the whole o2,

Remark 1 shows that IGMs with < (1) cannot be
meaningfully associated with frequent itemsets.
itemset-IGM connection to be really useful, we now need
a way to estimat@ automatically from the data and asso-
ciate each itemset with an IGM from the full class, of
IGMs overA. This is considered next in Sec. 3.3.

3.3 The final itemsets-IGM association

Theorems 1 & 2provide formal justification for the
itemset-IGM correspondence @fefinition 2 which only
considers IGMs with a fixed pattern probability parameter.
We now drop the fixed constraint and seek an itemset-
IGM correspondence ovér, the full class of IGMs.

Definition 3. Given anN-itemseta = (A, ..., Ay), the
subclassZ («) is defined as the collection of all IGMs ih
of the formA = («, 6), with6 € [0, 1].

Clearly, IGMs inZ(«) are the only reasonable candi-
dates (out off) for the final itemset-IGM association for
«. By considering in the interval[0, 1], we have infinite
possibilities for such an association. Which of these will

For the

Taking derivatives with respect  and equating to zero,
we getd = (f,/K) as the unique maximizer @f,(0) for
6 € (0,1). From Egs. (4)-(5), both wheli, = K (i.e.
when all transactions i® contain«), and whenf, = 0,
(fo/K) automatically maximizes the data likelihood fBr
overZ(«). Thus,(f,/K) is the unique maximizer fof in
the closed interval0, 1] as well. The IGM(«, f,/K), has
the highest likelihood foD, over the classZ(«), of IGMs
defined using thév-itemsetw. However,(f,/K), may or
may not be greater thafi/2"). Based on all this, and
bearing in mindRemark 1 we prescribe the final itemset-
IGM association according to the following definition.

Definition 4. Consider anN-itemseta = (A1,..., An)
(a € 24). Let £, denote the frequency of in the given
databaseD, of K transactions. The itemsatis associated
with the IGM,A = (a,6,), with 6, = (L), if (f2) >
(5%), and withd,, = 0 otherwise.

Under this final itemset-IGM association D&finition 4
the IGMs associated with different itemsets typically have
different pattern probability parameters. Is it still triat
the data likelihood is higher for IGMs associated with item-
sets with higher frequencies? The answer to this question is
yes, and we state this property as our next theorem.

Theorem 3. LetD = {11, ...,Tx } be adatabase of trans-
actions over the alphabet. Leta and 3 be twoN-itemsets
that occur inD, with frequenciesf, and fz respectively.
Let A, and Ag be the corresponding IGMs (fro) that
are associated withv and 3 according to Definition 4.
If 6, and 65 are both greater thar(5% ), then we have,
P[D|A.] > P[D | Ag]ifand only if f, > f3.

Proof. First, let us consider the case whef, 05 €
(5%, 1) (i.e., when neither of them is equal to 1). In this
case, we know that, is the unique maximizer of,(6)
(wherel,, (9) is the expression for log likelihood of the data
for IGMs inZ(«) as given by Eq. (9)). This gives rise to the

following inequality:
K—fa 7q K(M—N)
) G)

K—fa 71\ K(M=N)
) ()

1-10,
2N —1

- (1-6
fa s
b5 (2N—1

PD|A,] = egﬁ(

(10)

make for a good itemset-IGM association? A natural choice However, since it is also given thég > (55, the follow-

is one that maximizes likelihood of the data over all possi-
ble IGMs inZ(«). Using Eq. (6), (and once again, by first
considering only the case éfe (0, 1)), the log likelihood
under the IGMs is given by:

Za(g) fa IOg(e) + (K - fa) log(l - 9)

n terms constan
wrt 0

©)

ing inequality holds if and only iff, > fs:

(16 K—fo 71\ K(M-N)
i (1) ()
K—fs K(M—N)
I 1_95 1
- 11
S0 () G) e

P[D | Ap]



Putting together the inequalities in (10) and (11), we have with 6 > (QLN), the IGMs associated (according to Defini-

P[D | A,] > P[D| Ag] if and only if f, > fz, which tion 2) with itemsets that have higher frequencie®irhave

completes the proof for the case when 6z (2%,, 1). higher data likelihoods. In fact, the IGM associated with th
To complete the proof now, we need to finally consider most frequent itemset is a maximum likelihood estimate for

the (somewhat trivial) boundary cases wiign= 1 and/or the data over the clasg. Next, in Sec. 3.3, the fixed-

05 = 1. Now, if 63 = 1, we havefs = K, which implies assumption of Sec. 3.2 is dropped, and the full class

that, neitherf, > fz nor P[D | A,] > P[D | Ag| can hold, IGMs (with all possible pattern probability values) is con-

because’[D | Ag] = (3)KM=N) > P[D | A,] for all N- sidered. The final association between itemsets and IGMs

itemsetsy. Therefore, the only valid possibility left here is is prescribed bypefinition 4 which fixes the pattern prob-

the case whefl, = 1 andfs € (5, 1), which implies, ability parameter of the IGM associated with an itemset,

fo =K andz% < fs < K. Inthis caseP[D | A,] = based on its frequency in the data. This is the association
(3)K(M=N) anditis easy to see th&{D|A,] > P[D|A)] that we use in all our analysis. The main result connecting
if and only if £, > fs. ' O itemsets and IGMs is given byheorem 3which states that

for sufficiently frequent itemsets (i.e. fa¥-itemsets with
Finally, just like Theorem Zfollowed from Theorem 1 frequencies greater tha(@%)), more frequent itemsets are
now, under the final itemset-IGM association DEfini- associated with IGMs (if) with greater data likelihoods.
tion 4, Theorem Jyives rise toTheorem Zabout maximum  This connection is tight, in the sense that under the con-
likelihood estimation forD over the classZ, of all IGMs ditions of Theorem 3the itemset-IGM association @fef-
(defined using patterns of siZ€é). inition 4 ensures that ordering with respect to frequencies
_ amongN -itemsets ovelA is preserved as ordering with re-
Theorem 4. Let D be a database of transactions over gnect data likelihoods among IGMs1h Finally, based on
alphabet.A. Let o be the most frequend-itemset in  Theorem 3and Remark 1we getTheorem 4which states
D and let A, = (a,0,) be the IGM corresponding  hat if the most frequent itemset is frequent enough, then it
o a (astrescrlbed byDefinition 4. If P[D | Aa] > is associated with an IGM which is a maximum likelihood
(2N171 (%)K(M‘N), thenA,, is a maximum likelihood ~ estimate for the data, over the full clags of IGMs. _
estimate forD, over the classZ, of all IGMs. The |tem§et—IGM connection presented in this section
has interesting consequences. First, we now have a genera-
Proof. The proof follows fromTheorem 3and Remark 1 tive model-learning interpretation of frequent itemsets d

o - . . . . -

Since itis given thaP[D | A,] > <2N1_1) (%)K(M N), covery. This aspect is described in Sec. 4. The second im
. ) =20 . portant consequence of our theoretical connection is e st

from Remark Ithis automatically implies, > (5% ). Now, tistical significance test for itemsets discovered in thada

let ¥ C 24 denote the collection of alN-itemsets over  This is described next in Sec. 5.
A. The class of IGMZ, can be partitioned using the pat-
terns out ofY" as follows: Z = UgexZ (). For eachN-
itemset,s € X, we know that the IGM defined by the tuple,
(8, fs/K), has the highest likelihood fap, over the parti-
tionZ(3) (See discussion that precedasfinition 4. Thus, Generative model-learning and pattern discovery are two
if Ay is set equal tqf, f5/K) according toDefinition 4 broad categories of techniques in data mining [7]. Patterns

from Theorem Jsince it is given that is the most frequent  (€.9. frequent itemsets) describe local structures in éta d
itemset, and since we know that > (2%) must hold), we ~ and make statements about a small number of variables or

4 Generative model-learning interpretation

know that for allg € X such thatfs > (%)1 data poin'_cs. Generative models, on the other hand, tend to
characterize global structures that are applicable ower th
PID|As] > P[D|Ag] entire database. In this paper, we have connected a class of
> PID|A] YA € Z(5). patterns (namely frequent itemsets) with a class of genera-

tive models (namely, the Iltemset Generating Models). Each
Further, using the fact tha®[D | A,] is greater than the IGM generates transactions by embedding its correspond-

upper bound irRemark 1 even for3 € X such thatfs < ing itemset with a certain probabilitf.heorem 4tates that
(&), we must have’[D|A,] > P[D|A] VA € Z(3). This (under reasonable conditions)qif is the most frequeny -
completes the proof dfheorem 4 0 itemset, then\,,, is a maximum likelihood estimate for the

data (overZ). A typical transaction database would con-
To summarize, this section presents the theoretical con-tain several transactions, where different transactioag m
nections between itemsets and IGMs. First, in Sec. 3.2, webe generated by different IGMs\,,, however, regards all
consider a class of IGM8, with a fixed pattern probabil- items other than those in; as noise. So we remove,
ity parameterd. We show that among all the IGMs ify, from all transactions in the data that it appears in, and ob-



tain the next most frequent itemset, say in the data. The  error), a frequency threshold for frequent itemset disopve
corresponding IGMA,,,, will now be an MLE for this re-  For lower probabilities of error, the test prescribes highe
duced part of the data. Once agaly,, discards all items  frequency thresholds. The tight connections between item-
outside ofas as noise. So, we next remowe from the sets and IGMs, based on the theorems of Sec. 3, show that

data, obtain the next most frequent itemsef, and so on. IGMs are a good class of models for embedding patterns in
In this manner, we can interpret frequent itemsets mining astransactions. This is what also makes our significance test
a generative model-learning exercise. reasonable, since the test tries to reject the hypothesis of

There is another interesting aspect to describing the datea randomiid model on the evidence @it least one model
using such generative models. Based on the itemsets-IGMbetter than random chance.

connections, it is possible to learn a mixture of IGMs for Let D be a database ok transactions (over alphabet

the data. This will allow use of frequent itemsets mining A of size M). Leta = (A;,...,Ay) be anN-itemset

for problems involving classification and clustering witlai that occurs inD with frequencyf,(> 0). The IGM as-

standard Bayes-theoretic framework. More work is neededsociated witha, according toDefinition 4 is denoted by

to resolve the details of these mixture models. However, oneA, = (a,6,), with 6, = (%) only if it is greater than
can at least see that in principle our theoretical connestio (2%); otherwise§, = 0. We set up a likelihood ratio test
can facilitate such modeling. to compare an (alternate) hypothe&is: D is generated by

the IGM A, against the (null) hypothesi,: D is gener-

ioti i NAifi ; ated by a uniformly distributed randoiid model. Under

5 Statistical significance of frequent itemsets H,, data likelinood ofD is (1)<, The likelihood ratio

test rejects the null hypothests, if
There are many ways to define and measure significance ) ¥p sify

of itemsets and/or association rules. For example, in {.3], L(D) = P[D| H,] (12)
chi-squared test of independence is used to assess correla- P[D | Hy|

tions among items, and, an itemset is marked significant, if yyhere 4 > 0 is a positive threshold obtained by fixing the

it meets both a minimum support criterion and a minimum 5 opapility of Type | error (i.e. the probability of wrong-re
correlation criterion. In [10], similar chi-squared tesf® jection of null hypothesis). In (12P[D|H,] andP[D| Hy]
used for pruning and summarizing associations. Since chi-genote the likelihoods under alternate and null hypotheses

squared tests typically rely on the normal approximation {0 respectively, and.(D) is thelikelinood ratiofor D.
the binomial, in some situations, e.g. when the transagtion | ot us first consider the case wh&efinition 4 sets

data is sparse, this approximation breaks down and the testy — 0. From Eq. (4),P[T | A,] = 0 for any trans-
become ineffective. In the context of text analysis, alern  5ctionT e D that contains. Thus, P[D | Hy] = 0 if
tives based on likelihood ratio tests have been used [6] tOthere is even one transactionfinthat containsy. Since we
detect composite terms, domain-specific terms, etc. In [5], need a significance test only for itemsets that occur (at leas
a baseline frequency is defined for each itemset and the rath)nce)’ wheneveDefinition 4setsf,, = 0, the correspond-

of actual-to-baseline frequencies is proposed as a measuUrgyg Jikelinood (under the alternate hypothesis) is given by
of significance. Bayes estimation (using a Poisson modelp[D | H,] = 0. In such a case, we clearly cannot reject the

for the frequency count) is then used to reliably estimage th | hypothesis. So we only need to consider the case when
ratio from samples of small sizes. For rules with quantita- pefinition 4setsd,, > ().

tive consequents, resampling-based permutation teses hav  \wheng,, > (5k), from Eq. (6) and (12), the expression

been used to deduce confidence intervals [15]. In [14], for the likelihood ratio,L(D), can be written as
union-type bounds are used to estimate probability of an

itemset under a random Bernoulli model. These bounds, L(D) = ¢l 1-6,\" ' 1 R (13)
however, require both alphabet-size and itemset-size to be e\ 2N —1 2
sufficiently large, and this somewhat limits applicabiity With 6, > (55 ), the likelihood ratio strictly increases with

the test. We adopt a different approach to assessing S'gmfitemset frequency. This can be seen using inequalilies

icance of itemsets based on generative models for transacénd(n)’ in the proof ofTheorem 3Monotonicity of Z(D)
tions in the form of IGMs.

To assess statistical significance of an itemset, we di_W|th frequency of itemsets, allows use of an equivalent test

rectly use the itemset-IGM connection and its properties with L1(D) = fa as the new test statistic:

(derived in Sec. 3.3). The significance test of an item- if L1(D) = fo > T, rejectH,. (14)
set compares data likelihood of the associated IGM agains
likelihood under a random uniformly distributed model.
Setting this up in a hypothesis testing framework, yields fo
a given level of the test (i.e. for a given probability of Tyipe Pra = P[L1(D) >T| Hy) (15)

tThreshoIdF for the above test is computed by fixing the
allowed probability,Pr 4 of Type | error:



Let z;, ¢« = 1,..., K, be 0-1 random variables that each
indicate whether or notx appears in transactiof;. We
havel,(D) = f., = S.X, z. Under the null hypothesis
Hy, z;'s areiid with mean and variance as follows:

u o= Bggla] = (;)N (16)

o = Epn[(z —p)? =pl - p) (17)

For large K, central limit theorem guarante@%)
achieves the standard normal distribution. Probability of
Type | error (cf. Eq. (15)) is now computed using:

% of embedded patterns found significant

P — 1—® F_K’u (18) 10 20 30 40 50 60 70 80 90 100
FA - O'\/f Number of embedded patterns

where,®(-) is the cumulative distribution function (cdf) of
the standard normal random variable.

The procedure for assessing statistical significance of an
N-itemset,a, is as follows: Choose the allowed level, say
€, of Type | error. Sincel and N are known, comput@

Figure 1. Percentage of embedded patterns
found significant in synthetic data with vary-

ing numbers of embedded patterns. Number
of transactions is 100K, average transaction
length is 20, number of items is 1K and av-

using Eqg. (18) and the standard normal tables: erage size of embedded patterns is 7. Num-
K % 1 ber of embedded patterns is varied from 10 to
—1
r'=oy \/<2N> <1 - 2N)<1> (1—e€  (19) 100.
Then, reject the null hypothesi&, (i.e. declarex as sig-
nificant), if f, > T. obtained from attack graphs produced by the Netra [12]
There is no need to explicitly check whetlter> (5% ), configuration analysis tool. The benchmark data sets in-

before applying the test of significance for ahitemset clude synthetic data from IBM Almaden Quest group’s data
«. This is because, from Eq. (19), fer= 0.5, we obtain generator and some UCI data sets (prepared for frequent
I = (2%), andI" increases for lower values ef Hence, itemsets mining by Roberto Bayardo)he goal of our ex-
provided that we choose a level of the test less than periments is to illustrate utility of our theoretical corne
(which is very reasonable), the test automatically demandstions in the frequent itemsets mining process. To this end,
a frequency greater thaiz% (and this corresponds to the synthetic data from IBM Quest is particularly useful, since
region,fd,, > 2%, in which all our theorems operate). we can vary data generation parameters and assess perfor-
Note that we now have a size-dependent frequencymance by checking if the patterns embedded by the data
threshold for itemsets (with smaller itemsets requiring generator are indeed discovered during the mining process.
larger frequencies to be regarded as significant). Also noteln case of other data sets, since there can be no ground

that, for typical values ofV and K (i.e. with K > N), truth of “embedded patterns”, we present summary results
I' changes very little oved < ¢ < 0.5. This is because, to show the relevance of our models. In our experiments,
(2%) dominates the expression fbrin Eqg. (19). This al-  we used the Apriori algorithm for frequent itemsets mining

lows for automatically fixing the threshold fdy-itemsets (However, note that our analysis using IGMs is independent
at (2%). Sometimes, we may want to use higher thresholds of the algorithm used. The theoretical connections and sig-
(corresponding to very smadlvalues), but in the absence nificance tests are relevant for any algorithm that discover
of any information about the datéE%) is a very good ini-  frequent itemsets in the data).
tial threshold to try. Simulation experiments on real and  The first experiment illustrates effectiveness of our the-
synthetic data (cf. Sec. 6) show that these thresholds are eforetically motivated frequency thresholds. We run the fre-
fective in detecting the patterns embedded in the data. quent itemsets mining algorithm on several synthetic data
sets (generated using the IBM Quest data generator for dif-

6 Experimental results
1The IBM synthetic data generator was obtained from

. . . .. http://www.almaden.ibm.com/cs/projects/iis.  The two UCltadaets
This section presents results obtained on some publiclyyere obtained from the Frequent Itemsets Mining Implementatio

available benchmark data sets as well as on proprietary dataepository at http:/fimi.cs.helsinki.fi/data.
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Figure 2. Percentage of embedded patterns
found significant in synthetic data with vary-

ing sizes of embedded patterns. Number
of transactions is 100K, average transaction
length is 20, number of items is 1K and num-

Figure 3. Number of frequent 2 & 3-itemsets
versus frequency threshold in ~ IBM Questsyn-
thetic data (Number of transactions is 100K,
average transaction length is 15, number of
items is 1K, average size of embedded pat-
terns is 10 and number of embedded patterns

ber of embedded patterns is 25. Average size is 10). The vertical lines indicate theoreti-
of embedded patterns is varied from 5 to 15. cal frequency thresholds, namely, (2%) for 2-
itemsets & (z5) for 3-itemsets. The graph for

3-itemsets meets Y-axis at 3197.

ferent parameter values). Each data set is associated with
a collection of patterns that the generator used as pokentia
“correlations to embed” during the data generation processproportions are the ones most susceptible to being missed
(Here, we refer to these correlationsessbedded patterhs by our significance test. For example, in the experiment
We now ask whether these patterns come upigsificant of Fig. 1, if we ignored 2-size patterns, the percentage of
patternsaccording to our significance test of Sec. 5. We embedded patterns passing our significance test was con-
consider anN-itemset as significant (in a data set &f sistently above 95%. Fig. 2 shows a similar plot obtained
transactions) if its frequency excee(dzgv). when varying the average size of embedded patterns. Once
Fig. 1 plots the percentage of embedded patterns found®gain, we note that a very high percentage of embedded pat-
significant as a function of the number of embedded pat- terns are consistently discovered as significant. Siméar r
terns in different synthetic data sets. Each data set centai Sults were obtained when we studied the effect of varying
100K transactions, with an average transaction length of 20number of transactions, average length of transactiors, an
over an alphabet of 1000 items, with average length of em-number of items as well.
bedded patterns set to 7. To study the effect of number of Note that the IBM synthetic data generation model [1]
embedded patterns, we generate several synthetic data set$ quite different from our IGMs. Despite this, our sig-
by varying the number of embedded patterns between 10nificance test based on IGMs is able to reliably detect the
and 100. The plot shows that a very high percentage of em-patterns embedded in the synthetic data. This, in a sense,
bedded patterns is always found significant by our analy-lends empirical strength to our choice of significance test
sis. For smaller numbers of embedded patterns (less tharfor itemsets (where an alternate hypothesis of an IGM gen-
50) all (i.e. 100% of) embedded patterns are significant. erating the data is opposed to the null hypothesis of a ran-
As the number of embedded patterns approaches 100 thiglom uniformiid model).
percentages decreases to 82%. This is natural, since, when In a second experiment, we varied frequency threshold
the number of embedded patterns increases, on the averageyer a range, and, for each case, recorded the number of
the frequencies of individual patterns have to decrease. Th frequent N-itemsets discovered, for different size$, of
mixing proportions that IBM Quest data generator assignsitemsets. Imagine a data set in which no specific patterns
to patterns are drawn iid according to an exponential dis- are embedded (or equivalently, a data set in which all pat-
tribution with the same parameter for all sizes of patterns terns are equally likely to appear in the transactions). In
[1]. Thus, small-size patterns associated with low mixing such a case, all 2-size (or 3-size) patterns would have very



MWM . \
Figure 4. Number of frequent 2 & 3-itemsets Figure 5. Number of frequent 2 & 3-itemsets
versus frequency threshold in Chess data- versus frequency threshold in  Mushroomdata-
base. The vertical lines indicate theoreti- base. The vertical lines indicate theoreti-
cal frequency thresholds, namely,  (55) for 2- cal frequency thresholds, namely,  (J%) for 2-
itemsets & (55) for 3-itemsets. The graph for itemsets & (55) for 3-itemsets. The graph for

3-itemsets meets Y-axis at 42212. 3-itemsets meets Y-axis at 28416.

low (and also very similar) frequencies. Thus, very low fre- difficult to carry out this experiment for larger sizes ofite

quency thresholds would lead to a combinatorial explosion S€tS dué to an overwhelming number of candidates at lower
of frequent itemsets. This would continue to be the Casethresholds, although earlier experiments on IBM data sets

even as the threshold is increased until a critical point, be showed that our own thresholds always detect larger size

yond which, no pattern would be frequent (since the data Patterns embedded in the data without any problem).
is inherently random). Even for data sets in which specific . )

patterns are embedded, the behavior would be very similar8+1 ~ Discussion
for low thresholds, but as the threshold is increased, only .
the specific patterns embedded in the data would remain_ N 9éneral, setting the frequency threshold for frequent

frequent. So, a graph of the number of frequent itemsets/l€MSetS mining can be a tricky exercise. The plots in
versus the frequency threshold would “level-off” for large Figs. 3-6 bear evidence to the fact that, while a low thresh-
frequency thresholds. old might lead to a combinatorial explosion of the number

Figs. 3-6 plot the number of frequent 2 & 3-itemsets of patterns, a_higher threshold _might miss significant pat-
discovered under various frequency thresholds for 4 data.terns present in the dqta. Our S|gn|f|9ance _test based on the
sets: one synthetic data using the IBM Quest data generaltemsms'lG'vI connections help allgwate t.h's problem. The
tor (with 100K transactions, average transaction length of key feature of our significance test is the size-dependent fr
15, average pattern Iength’of 10. 1000 items and 10 em-duency thresholds for itemsets. If we want to discover fre-
beaded patterns), chess and mus’hroom UCI data sets an%uent itemsets up to siZ€é (in data with/K transactions) we

K .
one proprietary data set from Netra. Theoretical threshold use(.QN) as the«_ threshold f or the mining process. Howe_ver,
are indicated by vertical lines. The graphs show that for anl-itemset (withi. < V) discovered as frequent according

very low threshold values, almost all possible frequent 2 to the( ) threshold isotconsidered interesting unless its
and 3-itemsets become frequent. We note that this numbef €aUuency exéeedsz’%)- Our experiments show that, using
is different for different data sets, since the number of fre hese theoretically motivated thresholds, we can expect to
quent items (or 1-itemsets) is different in each case. As the2V0Id détecting most of the noisy patterns and identify only

threshold increases, the number of frequent 2-itemsets and©Se correlations that are stronger than random chance.
3-itemsets decrease, and the plots tend to level-off beyond

the theoretical thresholds. In case of the IBM data sets, sim 7 Conclusions

ilar plots were obtained when the parameters of data gener-

ation were varied as earlier. We also expect to obtain simi-  In this paper, we presented a theoretical connection be-
lar graphs for itemsets of bigger sizes as well (Note that iti tween the process of frequent itemset discovery and learn-
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Figure 6. Number of frequent 2 & 3-itemsets
versus frequency threshold in ~ Netradata. The
vertical lines indicate theoretical frequency
thresholds, namely, (55) for 2-itemsets & (35)
for 3-itemsets.

ing of generative models. We proposed a class of genera-
tive models called Iltemset Generating Models (or IGMSs),

and associated each itemset with a unique IGM from this
class. We established a connection between data likelihood
under the IGM and frequency of the associated itemset (ob-
tained using any standard itemsets mining algorithm) and

showed that frequency ordering among itemsets (of a given [10]

size) is preserved as likelihood ordering among the associ-
ated IGMs. Under reasonable conditions, frequency of an
itemset is a sufficient statistic for maximum likelihoodiest

model-learning interpretation of frequent itemsets ngnin
Another advantage of our itemset-IGM connections is the
significance test for itemsets that uses just the frequencie
of itemsets as test statistics. The test leads to size-depén
frequency thresholds for itemsets, with smaller itemsets r
quiring greater frequencies to be considered significaet. W

experimentally validated our analysis both on benchmark as (14]

well as proprietary data sets.

There are many other aspects of the itemsets-IGM con-
nection that would be worthwhile investigating further.eOn
is the learning of a mixture model for the data in the form of
a convex combination of IGMs. Such a model would open
up possibilities for use of frequent itemsets in classiftrat
and clustering applications within the standard Bayes-deci
sion theory framework. Another interesting possibilityas
modify the significance test to incorporate the simultaseou
assessment of significance of (not one but) a set of item-
sets. This can lead to more reliable detection of significant
patterns at considerably lower frequencies. We will adsdres
some of these aspects in our future work.
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